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Abstract. Parallel to the study of finite dimensional Banach spaces, there is 
Ch a growing interest in the corresponding local theory of operator spaces. We 

define a family of Hilbertian operator spaces H^, 1 < k < n, generalizing the 
row and column Hilbert spaces R n , C n and show that an atomic subspace X C 
B(H) which is the range of a contractive projection on B(H) is isometrically 
£Nj i completely contractive to an ^^-sum of the and Cartan factors of types 1 

to 4. In particular, for finite dimensional X, this answers a question posed by 
Oikhberg and Rosenthal. Explicit in the proof is a classification up to complete 
isometry of atomic w*-closed JW*-triples without an infinite dimensional rank 
. 1 w*-closed ideal. 

•5 

Introduction 

It was shown by Choi-Effros that an injective operator system is isometric to 
a conditionally complete C*-algebra ||, Theorem 3.1]. The fact that an injective 
operator system is the same as the image of a completely positive unital projection 
on B{H) prompted a search for some algebraic structure in the range of a positive 
projection, or of a contractive projection. A special case of a result of Effros-Stormer 
showed that if a projection on a unital C*-algebra is positive and unital, then the 
range is isometric to a Banach Jordan algebra jll], Theorem 1.4]. Arazy- Friedman 
|IJ classified, up to Banach isometry, and in Banach space terms, the range of an 
arbitrary contractive projection on the C*-algebra of all compact operators on a 
separable Hilbert space. A special case of a result of Friedman- Russo showed that if 
f£3 a projection on a C*-algebra is contractive, then the range is isometric to a Banach 

Jordan triple system jl3|, Theorem 2]. Kaup |22| extended the Friedman- Russo 
result to contractive projections on J£?*-triples. 

A consequence of these results is that, up to isometry, the ranges of the various 
^ ' projections can be classified modulo a classification theorem of the various algebraic 

structures involved. Recently, the operator space structure of the range of a com- 
' pletely contractive projection has been studied. For projections acting on B{H) 1 

such spaces coincide with injectives in the category of operator spaces. Christensen 
and Sinclair |Q, Theorem 1.1] prove that every injective von Neumann algebra with 
separable predual which is not finite type I of bounded degree is completely bound- 
edly isomorphic to B(H). Robertson and Wasserman ]|l], Corollary 7] prove that 
an infinite dimensional injective operator system on a separable Hilbert space is 
completely boundedly isomorphic to either B{H) or £°°. Robertson and Youngson 
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32, Theorem 1] prove that every injective operator space is Banach isomorphic to 



one of B(H),i oa ,£ or to a direct sum of these spaces. Robertson [BOL Corollary 



f991 Mathematics Subject Classification. Primary: f7C65. Secondary: 46L07. 
Key words and phrases. Contractive projection, operator space, complete contraction, Cartan 
factor, injective, mixed-injective, JC*-triple, JW*-triple, ternary algebra. 
This work was supported in part by NSF grant DMS-0101i53. 



1 



2 



MATTHEW NEAL AND BERNARD RUSSO 



3] proves that an injective operator space which is isometric to £ 2 is completely 
isometric to R or C where R and C denote the row and column operator space 
versions of £ 2 . These results can be thought of as giving a partial classification of 
injectives up to various types of isomorphisms. 

Note that the word injective in these examples is what we call 1-injective below. 
Also, the spaces appearing in the above results are all examples of atomic JW*- 
triples, but only £°° and B(H) are C*-algebras. Moreover, B(H),R and C are 
examples of Cartan factors, while £°° is a direct sum of countably many copies of 
the trivial Cartan factor C. 

Operator spaces, that is, linear subspaces of B(H), are the appropriate setting 
for these types of problems. They were first studied systematically in the thesis of 
Ruan [ p3| and have been developed extensively since then by Effros, Ruan, Blecher, 
Paulsen, Pisier, and others. Ruan |34|, Theorem 4.5] showed that an operator space 
is injective if and only if it is completely isometric to pAq for some injective C*- 
algebra A and projections p, q G A. Youngson had shown earlier that the range 
of a completely contractive projection on a C*-algebra is completely isometric to a 
ternary algebra, that is, a subspace of a C*-algebra that is closed under the triple 
product ab*c [M Corollary 1]. 

Except for [ j]]^ there seem to be no results in the literature that classify the range 
of a contractive projection up to Banach isometry, or up to completely bounded 
isomorphism. In this paper, we remedy this by investigating the structure of op- 
erator spaces which are the range of a contractive projection on B(H). These are 
known as 1-mixed injectives in operator space parlance. We provide in Theorem |^ 
a classification up to isometric complete contraction of 1-mixed injectives which are 
atomic. In Theorem we classify up to complete isometry all atomic w*-closed 
JW*-triples without an infinite dimensional rank 1 w*-closed ideal. As a corollary, 
we show that an atomic (in particular, finite dimensional) contractively comple- 
mented subspace of a C*-algebra is a 1-mixed injective, that is, the range of a 
contractive projection on some B(H). Most of these results have been announced 



1. Preliminaries 

An operator space is a subspace X of B(H), the space of bounded linear operators 
on a complex Hilbert space. Its operator space structure is given by the sequence 
of norms on the set of matrices M n (X) with entries from X, determined by the 
identification M n (X) C M n (B(H)) = B{H © H © • • • © H). For the basic theory 
of operator spaces and completely bounded maps, we refer to f|^], and 

|29| and the references therein. Let us just recall that a linear mapping <p : X — > Y 
between two operator spaces is completely bounded if the induced mappings tp n : 
M n (X) -> M n (Y) defined by (p n ([xij]) = [f{x lj )] satisfy ||v|| c b : = su Pn ll^nll < °°- 
A completely bounded map is a completely bounded isomorphism if its inverse exists 
and is completely bounded. Two operator spaces are completely isometric if there 
is a linear isomorphism T between them with ||2~'|| c ] :) = 11^"" llcb = ^' ^ e ca ^ ^ a 
complete isometry in this case. 

In the matrix representation for B(£ 2 ) consider the column Hilbert space C = 
sp{ea : i > 1} and the row Hilbert space R = spjeij : j > 1} and their finite 
dimensional versions C n — sp{en : 1 < i < n} and R n = sp{eij : 1 < j < n}. 
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Here of course is the operator denned by the matrix with a 1 in the 
entry and zeros elsewhere. Although R and C are Banach isometric, they are 
not completely isomorphic; and R n and C„, while completely isomorphic, are not 
completely isometric. 

An operator space Z is injective if for any operator space Y and closed subspace 
X C Y, every completely bounded linear map T : X — ► Z has a completely 
bounded extension T : Y — > Z. In this case, there is a constant A > 1 such 
that llTllcb < A||r|| c b and Z is said to be A-injective. If A = 1, then Z is also 
called isometrically injective. A fundamental theorem in operator space theory is 
that B(H) is 1-injective. This is the celebrated Arveson-Wittstock Hahn-Banach 
Theorem, see || section 3]. It follows that an operator space X C B(H) is A- 
injective if and only if there is a completely bounded projection P from B(H) onto 
X with ||P|| c6 < A. 

The literature on injective operator spaces cited in the introduction involves Car- 
tan factors. Cartan factors appeared in the classification of Jordan triple systems 
and bounded symmetric domains. There are six types of Cartan factors of which 
four will be relevant to our work. A Cartan factor of type 1 is the space B(H, K) of 
all bounded operators from one complex Hilbert space H to another K. By fixing 
orthonormal bases for H and K, we may think of B(H, K) as all dim AT by dim fi 
matrices which define bounded operators. To define the Cartan factors of types 2 
and 3 we need to fix a conjugation J on a Hilbert space H, that is, a conjugate- 
linear isometry of order 2. Then a Cartan factor of type 2 (respectively type 3) is 
A(H, J) = {x e B{H) : x* = -x} (respectively S(H, J) = {x e B(H) : x l = x}), 
where x — Jx*J. Since conjugations are in one-to-one correspondence with or- 
thonormal bases of H, we may think of these as anti-symmetric (resp. symmetric) 
dimii by dim if matrices which define bounded operators. A Cartan factor of type 
4, or spin factor will be described in more detail in subsection |3.l| . 

The following concepts were introduced by Oikhberg and Rosenthal in [^7], sec- 
tion 3] in their study of extension properties for the space of compact operators. 
The operator space Z is a mixed injective if for every completely bounded linear 
map T from an operator space X into Z and any operator space Y containing X, 
T has a bounded extension T to Y. In this case, there is a constant A > 1 such 
that ||T|| < A||T|| C 6, and Z is said to be A-mixed injective. A 1-mixed injective 
operator space is also said to be isometrically mixed injective and X is A-mixed 
injective if and only if there is a bounded projection P from B{H) onto X with 
||P|| < A. An operator space X is completely semi-isomorphic to an operator space 
Y if there is a linear homeomorphism T : X — ■> Y which is completely bounded. 
Such a T is called a complete semi-isomorphism. If in addition ||T|| c fc = ||P _1 || = 1, 
then X is completely semi-isometric to Y and T is a complete semi- isometry. It 
is shown in [p7l Proposition 3.9] that mixed injectivity is preserved by complete 
semi-isomorphisms in the sense that if Y is a mixed injective, then so is A. 

The Cartan factors of types 1 to 4 are examples of 1-mixed injectives. This is 
obvious for types 1,2,3 and for type 4 it is proved in [jll], Lemma 2.3]. Cartan factors 
of types 5 and 6 will play no role in this paper since neither is even isometric to a 1- 
mixed injective operator space. For if it were, it would follow from ]l3| , Theorem 2] 
that it would be isometric to a JC*-triple (defined below). This is impossible since 
they are well-known to be "exceptional" ( i.e., not triple isomorphic to the Jordan 
triple structure induced by an associative *-algebra, sec |l5|, 2.8.5] for the Jordan 
algebra version of this), and surjective isometries coincide with triple isomorphisms 
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(the latter is proved for JC*-triples in jl(|; for the more general class of J_B*-triples 
see or ||, Lemma 1]). The space of compact operators on a separable Hilbert 
space is not a 1-mixed injective, but it seems to be an interesting open question 
whether it has the mixed separable extension property p7|, that is, in the definition 
of mixed injective, only separable operator spaces X CY are considered. 

In view of the relaxed definition of 1-mixed injectives, one cannot immediately 
expect a classification of them up to complete isometry (however, see Theorem [|). 
It is more natural to ask for a classification of 1-mixed injectives up to complete 
semi-isometry. In order to formulate our results precisely we recall some basic facts 
about JC* -triples. 

A JC*-triple is a norm closed complex linear subspace M of a C*-algebra A which 
is closed under the operation a i— > aa*a. JC*-triples were defined and studied (using 
the name J*-algebra) as a generalization of C*-algebras by Harris [p| in connection 
with function theory on infinite dimensional bounded symmetric domains. By a 
polarization identity, any JC*-triple is closed under the triple product 

(1) (a, b, c) i-> {abc} := ^(ab* c + cb* a) , 

under which it becomes a Jordan triple system. In this paper, the notation {abc} 
will always denote the triple product ([!]). A linear map which preserves the triple 
product (|l|) will be called a triple homomorphism. Cartan factors are examples of 
JC*-triples, as are C*-algebras, and Jordan C*-algebras. 

A JW*-triple is defined to be a JC*-triple which is a dual space. It follows 
from ||, Corollary 9] that a JW*-triple is isometric to a JC*-triple which is weak 
operator closed. 

Note that some of the results about JC*-triples that we are going to cite were 
proven for the more general class of JB* -triples. For example, || Theorem 2.1] 
shows that all preduals of a JW*-triple are isometric. JB* -triples, in and of them- 
selves, will play no role in this paper, but the interested reader can consult p5[ for 
a comprehensive survey from an operator algebra point of view. 

A special case of a JC*-triple is a ternary algebra, that is, a subspace of B(H, K) 
closed under the ternary product (a, b, c) <— > ab*c. A ternary homomorphism is a 
linear map satisfying (f>(ab*c) — 4>{a)(j){b)* 4>{c) . These spaces are also called, more 
appropriately, associative triple systems. They have been studied both concretely in 



17 and abstractly in |3£j]. We shall use the term ternary algebra in this paper, but 
we shall not need any special results about them, other than the well-known and 
simple fact that a ternary isomorphism between two ternary algebras is a complete 
isometry. A key step in our proof of Theorem ^| will be to extend a Banach isometry 
between two JW*-triples to a ternary isomorphism of their ternary envelopes. 

If v is a partial isometry in a JC*-triple M C B(H,K), then the projections 
I = vv* 6 B(K) and r = v*v € B(H) give rise to (Peirce) projections Pk(v) : M — > 
M, k = 2, 1, as follows; for x e M, 

P 2 (v)x = lxr , P]_(v)x = lx(l - r) + (1 - l)xr , P (v)x = (1 - l)x{l - r). 

These projections Pk(v) are easily seen to have the following properties. They are 
contractive projections and their ranges, denoted by M k (v) are JC* -subtriples of 
M satisfying M = M 2 (v) © Mi(v) © M (v). They obey Peirce calculus, by which 
is meant 



{M 2 (v)M (v)M} = {M (v)M 2 (v)M} = , {M^M^M^v)} C Mi_ j+k {v) 
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where it is understood that Mi^j + k{v) — {0} if i — j + k $ {0, 1, 2}. 

The Peirce space M 2 (v) plays a special role. It has the structure of a unital Jor- 
dan *-algebra with unit v under the product (o,6)naoi) := {avb} and involution 
a ^ :— {vav}. For example, the Jordan identity (aoo)o(aoi)) = a o ((a o a) ob) 
amounts to {av{{ava}vb}} = {{ava}v{avb}} , which is trivial to verify for JC*- 
triples. For more general Jordan triple systems see for example p3, 3.13],fl23|, or 



37, 19.7], which are references for the general theory of (Banach) Jordan triple 
systems. 

We shall write M 2 (v)^ to denote the space M 2 (v) with this structure. If M = 
M 2 (v), then we refer to M 2 (v)^ as an isotope of M. If M is a ternary algebra, then 
M 2 (v)^ is a unital C*-algebra with product a ■ b — av*b, involution a} = va*v, 
and unit v. In this case, the identity map from M 2 {v) to M 2 {v)^ is a ternary 
isomorphism, since ab*c = av*b$v*c, and hence also a complete isometry. 

A partial isometry v is said to be minimal in M if M 2 (v) = Cv. This is equivalent 
to v not being the sum of two orthogonal non-zero partial isometries. Recall that 
two partial isometries v and w (or any two Hilbert space operators) are orthogonal 
if v*w — vw* = 0. This is equivalent to v E Mq(w) and will be denoted by 
v _L w. Each finite dimensional JC*-triple is the linear span of its minimal paritial 
isometries. More generally, an atomic JW*-triple is defined to be one which is the 
weak*-closure of the span of its minimal partial isometries. The rank of a JC*- 
triple is the maximum number of mutually orthogonal minimal partial isometries. 
For example, the rank of the Cartan factor of type 1 B(H,K) is the minimum of 
the dimensions of H and K; and the rank of the Cartan factor of type 4 is 2. Other 
relations between two partial isometries that we shall need are defined in terms of 
the Peirce spaces as follows. Two partial isometries v and w are said to be colinear 
if v € Mi(w) and w € M\{v), notation vTw. A partial isometry w is said to govern 
v if v G M 2 (w) and w £ M±(v). It is easy to check that v G Mj(w) if and only if 
{wwv} = (j/2)v, for j = 0, 1, 2. 

JC*-triples of arbitrary dimension occur naturally in functional analysis and in 
holomorphy. As noted in the introduction, a special case of a theorem of Fried- 
man and Russo |l3|, Theorem 2] states that if P is a contractive projection on a 
C*-algebra A, then there is a linear isometry of the range P{ A) of P onto a JC*- 
subtriple of A** . A special case of a theorem of Kaup [glj gives a bijective corre- 
spondence between Cartan factors and irreducible bounded symmetric domains in 
complex Banach spaces. 

There is a structure theorem for atomic JW*-triples, for which we refer to || p. 
302], U, ||] for the proofs. A JW* -triple is irreducible if it is not the £°°-direct 
sum of 2 non-zero w*-closed ideals. The version of the structure theorem that we 
shall use is the following. 

Lemma 1.1. Each atomic JW* -triple X is the £°° -direct sum X — X\ of 
weak-* closed irreducible ideals, and each summand X\ is the weak* -closure of the 
complex linear span of a grid of minimal partial isometries. Grids come in four 
types and each X\ is Banach isometric and hence triple isomorphic to a Cartan 
factor of one of the types 1-4- 

We shall describe the grids for the Cartan factors of types 1-4 (the so-called 
rectangular grid, symplectic grid, hermitian grid, and spin grid) when they are 
needed later in this paper. As will be seen, grids only give information about the 
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symmetrized triple product (|lj), whereas the operator space structure depends on 
the ternary product (a, b. c) h- » ab*c. 

It follows from Lemma |l.l| and [jl3| Theorem 2] that a finite dimensional 1-mixed 
injective operator space is Banach isometric to an ^°°-direct sum of Cartan factors. 
Oikhberg and Rosenthal [^7], Problem 3.3] ask whether every finite dimensional 1- 
mixed injective operator space is in fact completely semi-isometric to an ^°°-direct 
sum of Cartan factors of types 1-4. Corollary |2.1| of Theorem ^ below answers this 
question. 

Theorem ^| below is formulated for atomic 1-mixed injective operator spaces. A 
Banach space X with predual X* is said to be atomic if the closed unit ball X* x is 
the norm closed convex hull of its extreme points. In particular, reflexive Banach 
spaces are atomic as are the duals of unital C*-algebras. 



2. Main Results and Reduction 

In this section we state Theorems pJpL and ||, and give a reduction for the proof 
of Theorem ||. 

Theorem 1. There is a family of 1-mixed injective Hilbertian operator spaces H%, 
1 < k < n, of finite dimension n, with the following properties: 

(a) : H% i s a subtriple of the Cartan factor of type 1 consisting of all (^) by 
(„_fc + i) complex matrices. 

(b) : Let Y be a JW* -triple of rank 1 [necessarily atomic ). 

(i) : IfY is of finite dimension n then it is isometrically completely contrac- 
tive to some 

(ii) : IfY is infinite dimensional then it is isometrically completely contrac- 
tive to B(H,C) or B(C,K). 

(c) : H]\ (resp. if*) coincides with R n (resp. C n ). 

(d) : For 1 < k < n, is not completely semi- isometric to R n or C n . 

The spaces H\ are explicitly constructed i n se ction 6. These spaces appeared 
in a slightly different form in ||], see Remark 7J3. The authors are grateful to N. 
Ozawa for showing us the proof of (d) . 

Theorem 2. Let X be a 1-mixed injective operator space which is atomic. Then 
X is completely semi-isometric to a direct sum of Cartan factors of types 1 to 4 
and the spaces 

The following Corollary to Theorem |[ together with (d) of Theorem 0, answers 
the question of Oikhberg and Rosenthal [^7], Problem 3.3]. 

Corollary 2.1. A finite dimensional 1-mixed injective operator space is completely 
semi-isometric to a direct sum of Cartan factors of types 1 to 4 and the spaces H% . 

We now begin the proofs of Theorems |l| and |[ 

Let X C B(H) be a 1-mixed injective operator space. Then there is a contractive 
projection on B(H) with range X. By |l3|, Theorem 2], there is thus a linear 
isometry £ o from X onto a JC*-triple Y C A := B(H)** of the form £o(x) = pxq 
for suitable projections p, q in the von Neumann algebra A. Since (£o)n : M n (X) — » 
M n (Y) has the form [xtj] t—> diag(p,p, ... ,p) [xij] diag (q, q, . . . ,q) we have the 
following lemma. 
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Lemma 2.2. £q is completely contractive and hence a complete semi-isometry of 
X onto the JC* -triple Y. 

Lemma 2.3. Suppose X is a Banach space with predual which is isometric to a 
J C* -triple Y. Then X is atomic as a Banach space if and only ifY is an atomic 
JW*-triple. 

Proof. Since X„ is a predual of Y, Y is a JW*-triple. Assume X is atomic as a 
Banach space. It is shown in JTJ, Prop 4c] that the minimal partial isometries v in 
Y are in 1-1 correspondence with extreme points (f> of via the mapping tf> — > v 
if <fi(v) = 1. By Theorem 2] Y has an internal £°° direct sum decomposition 
A®N into w*-closed subtriples where A is and atomic and N contains no minimal 
partial isometries. It follows that N = {0} and Y is atomic. 



Conversely, ifY is an atomic JIY*-triple, then by |14, Theorem 1], Y* = A® N 



where N has no extreme points. It follows that TV = {0}. □ 

Lemma 2.4. It suffices to prove Theorem^ in the case that Y (= £q{X)) is triple 
isomorphic to a Cartan factor. 



Proof. By Lemma 1.1 and Lemma 2.3, Y = (B a Y a is the internal £°° direct sum 



of a family of subtriples Y a , each of which is triple isomorphic to a Cartan factor 
of one of the types 1-4. 

Suppose that T a : Y a — > Z a is a complete semi-isometry. Then ©T a : ©Y Q — > 
®Z a is also a complete semi-isometry, by the following commutative diagram: 

, , / . isometry „ , ,, , . 

M„(©Y Q ) — > ©M n (Y Q ) 

^ x isometry „,,,,-, 
M n (®Z a ) — > ©M„(Z Q ) 

To show the isometry part of the above diagram, one can use the idea of [ fl4"[ 
Lemma 1.3]. For completeness, we include the argument. For c S M„(X© Y) with 
cy = ay © 6jj, we have c = [cy] = [oy © 0] + [0 © 6y ] = a + b with a, 6 orthogonal 
operators, that is, ab* = a*b = 0. Then, assuming ||a|| < 1 and ||6|| < 1, ||c|| = \\a + 

b\\ = ||(a + &)(a + 6)*(a + fo)|| 1 /3 = || a 3"||3- = ( || a 3" +fo 3" ||3 )3 < || a ||3 B + || 6 ||3- < 

2 3 " ->■ 1, proving that ||c|| Mn (xev) < ll[ a y] © [^j] l|M„(x)eM n (r)- Conversely, 
assume ||a|| = 1. Then 1 — \\a\\ 5 — \\aa*aa*a\\ — \\aa*(a + b)a*a\\ < ||a + 6||, so that 
||a|| < ||c|| and it follows that ||[ay] © [bij]\\ M „(x)®M n (Y) < \\c\\ Mn (x®Y)- □ 

An idealoi a JC*-triplc Y is a subspace ICY such that {Y I Y}+{I Y Y} CI. 
By |l| Prop. 2.1], the second dual of a JC* -triple is a JIY*-triple. 

Lemma 2.5. Every JW* -subtriple Y of a C* -algebra A is completely semi-isometric 
to a w*-closed JW* -subtriple of A** . 

Proof. By separate w*-continuity of multiplication, the annihilator Y„° is a w*- 
closed ideal of Y**. By @ or M, Theorem 3.5], Y** = Y° ® r J, where J is a 
w*-closed ideal orthogonal to Y® . Let P (resp. Q) be the projection of Y** onto 
Y° (resp. J). For each element z g Y**, there is y € Y with z — y E Y®. It 
follows that Q(Y) = Q(Y**) = J, and it is easy to see by the orthogonality that 
Q is a w*-continuous triple homomorphism from Y** onto J. Since P(Y**) = Y„°, 
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is one-to-one on Y. As in the proof of Lemma 2.4, Q = © Idj is a complete 



contraction. □ 



Theorems |l|(b) and || are immediate consequences of Lemmas 2/2, 2A, [2~5 



and 

the following proposition. Theorem ft| (a) is proved in section 6 (see Remark 3.2). 
Theorem |j](c) is proved in Proposition 5.10 and Theorem 0(d) is proved at the end 
of section 7. 

Proposition 2.6. Let Y be a JW* -triple which is w* -closed in a W* -algebra. If 
Y is either of rank at least 2, or of rank 1 and infinite dimensional, and is triple 
isomorphic to a Cartan factor of type 1,2,3, or 4, then it is in fact completely semi- 
isometric to a Cartan factor of the same type. A finite dimensional JW* -triple 
which is triple isomorphic to a Cartan factor of rank 1, is completely semi-isometric 
to one of the spaces . 



As a by-product of the proof of Proposition |2.6|, we shall obtain the following 



theorem, which by Lemma 1.1 gives a classification up to complete isometry of 
atomic JW*-triples which are w*-closed and contain no infinite dimensional w*- 
closed ideals of rank 1. 

We need the following definitions. If B(H,K) is a Cartan factor of type 1, then 

Diag (B(H, K),B{K, H)) := {(x, x*) : x e B(H, K)}, 

where the transpose is respect to fixed orthonormal bases for H and K. We give 
Diag (B(H, K), B(K, H)) the operator space structure induced by its natural em- 
bedding in B(H 8 K © H © K) and note that Diag (B(H, K), B(K, H)) is con- 
tractively complemented therein. Indeed, first project B(H © K © H © K) onto 
B(H,K)®B(K,H) and follow by (x,y) ^ ((x + y t )/2,(x t + y)/2). 

For a fixed dimension n and each j = 1, . . . , m let Hj be a Hilbert space of 
dimension n with a specified orthonormal basis Bj = {e^i, . . . , ej. n }. Then 

Biag ({H 3 , Bj}) := {(J^ a k e lk , ^ a k e 2k, ■ ■ ■ ,^a k e mn ) : a k e C, 1 < k < m} 

The space Diag({7Jj, Bj}) is contractively complemented in ®J =1 Hj. 

Theorem 3. Let Y be an atomic w* -closed JW* -subtriple of a W* -algebra. 

(a) : IfYis irreducible and of rank at least 2, then it is completely isometric to 
a Cartan factor of type 1-4 or the space Diag(B(H, K), B(K, H)). 

(b) : If Y is of finite dimension n and of rank 1, then it is completely isometric 
to Diag(H^ 1 ,... ,H^ m ), for appropriately chosen bases defined in section 7, 
and where k\ > k% > ■ ■ ■ > k m . 

(c) : Y is completely semi-isometric to a direct sum of the spaces in (a) and 
(b). IfY has no infinite dimensional rank 1 summand, then it is completely 
isometric to a direct sum of the spaces in (a) and (b). 

Corollary 2.7. Every finite dimensional JC* -triple is completely isometric to an 
£°° -direct sum of Cartan factors of types 1~4 and the spaces Diag(B(H, K), B{K, H)) 
and Diag(H%\... ,H%™). 



Corollary 2.8. Every atomic contractively complemented subspace X of a C* - 
algebra A is 1-mixed infective. 
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Proof. By [[l3| Theorem 2] and Lemma 2.3, the map £q mentioned earlier is a 
complete semi-isometry of X onto an atomic <7W*-subtriple of A** . By Theorem || 
and Lemma 2.5, X is completely semi- isometric to a direct sum of the spaces listed 
above, which as noted are 1-mixed injectives. Then by 27, (3.9)] 
injective. 



X is 1-mixed 
□ 



Corollary 2.9. Every atomic JW*-triple is a 1-mixed injective. 



We shall prove Proposition 'Lt and Theorem |3j case by case in the following 
sections. Cartan factors of Types 3 and 4 are handled in section 3, type 2 in section 
4 and type 1 in sections 5,6 and 7. Section 6 also introduces the spaces if„ and 
section 7 also gives some examples and states some open problems. 

3. CARTAN FACTORS OF TYPES 3 AND 4 

The Cartan factors of types 3 and 4 have a unital Jordan *-algebra structure in 
which we frame the proofs of Proposition 2.6 and Theorem |3| 



3.1. Cartan factors of type 4. We first prove Proposition £J] and Theorem || in 
the case that Y is triple isomorphic to a Cartan factor of type 4. Let us first describe 
the concrete model which we use for such a Cartan factor, from ]l5], Theorem 6.2.2] 
and [pf. 

A spin system is a subset S = {1, si, . . . , Sk} of self-adjoint elements of B(H) 
containing the unit and satisfying SiSj + SjSi = Sij2. It follows that sp C iS is a 
(k + l)-dimensional Jordan C*-subalgebra of B{H). A spin factor is a subspace X 
of B(H) of dimension at least 2 which is the closed linear span of a spin system of 
arbitrary cardinality. 

We now recall the standard matrix representation of the spin factor Sp (n) , 3 < 
n < oo, for the separable case (c.f. jl5|, 6.2.1]), which is the Cartan factor of type 4. 
Let 



' 1 


" 




" 


1 " 




i ' 





-1 


, cr 2 = 


1 





> 0- 3 = 


-i 



be the Pauli spin matrices. Denote by aV: the rt-fold tensor product 03 
of 03 with itself n times in M 2 n(C). Define 



0-3 



Sl = X , S 2 = (7 2 



s 3 = 0-3 » <T1 , s 4 = 0-3 

and in general s 2 n+i — 0-3 ® o\ and s 2 „+ 2 = erj <g> er 2 . 
With the imbeddings M 2 „(C) C M 2 „+i(C) given by 

a 



0~2 ■ 



a 



we have Sk & M 2 >»(C) if k < 2n and {1, si, . . . , s^} is a spin system for each k > 2. 
The linear span Sp (fc + 1) of {1, si, . . . , Sk} is a (k + l)-dimensional spin factor 
contained in M 2 i«(C) if 2 < k < 2n. For more details and the case k — Ho, see [ fl5l 
Theorem 6.2.2]. 

As an operator space, a spin factor A is determined up to complete isometry 
by the cardinality of the spin system. Indeed, it is easy to see that two finite 
spin systems with the same number of elements generate C*-algebras which are *- 
isomorphic with basis consisting of all finite products of elements in the spin system 
and the unit. If a spin system {s^}>, g A has arbitrary cardinality, the inductive limit 
UfA(F) (norm closure) of the collection of C*-algebras A(F) generated by finite 



10 



MATTHEW NEAL AND BERNARD RUSSO 



subsets F of {sa}agA is exactly the C*-algebra generated by the spin system. Thus, 
any two spin systems with the same cardinality generate *-isomorphic C* -algebras 
(cf. H 1.23] or §, Theorem 5.2.5]). 

Suppose now that the Y in the statement of Proposition |2.6| is triple isomorphic 
to a Cartan factor of type 4. Let A denote any von Neumann algebra containing Y. 
The JW* -triple Y contains a spin grid {uj,u,j : j G J}, or {uj,Uj : j G J} U {uq} 
in the case that Y is of finite odd dimension. 

Let us recall the properties of a spin grid from j|, p. 313]. The elements Uj and 
Uj (but not Mo) are minimal non-zero partial isometries; for i ^ j, Ui is colinear 
with Uj and with Uj, and uj is colinear with uf, and for i =/= j, 

(2) {uiUjtii} = , {ujUiUj} = 

In case uo is present, for each i ^ 0, uo governs Ui and Uj, and 

(3) {uqU.Uq} = -Ui , {u UiU } = -Ui. 

All other triple products from the spin grid are 0, and in particular, Ui is orthogonal 
to Ui. 

It is not hard to see (cf. ||) that the complex span Y of a spin grid has an 
equivalent Hilbertian norm and is hence reflexive. It is also clear from the grid 
properties that all such Y are rank 2. 

Let v = i(ui + Ui), where 1 is an arbitrary element of the index set J. It is 
easy to see that that Y = Yziv). As noted in the preliminaries, Ai{v) and A2(v)^ 
are ternary isomorphic and thus completely isometric. Thus, the identity map 
Y — > Y 2 (v)^ is a complete isometry. 

The following lemma is easily verified by using (^), (^) and Peirce calculus. For 
the convenience of the reader, we include some of the details. 

Lemma 3.1. Y 2 (v)^ is a Cartan factor of type 4- More precisely, let Sj = Uj + 
u-j, j G J — {1}; tj = i{uj — Uj), j G J. Then a spin system in the C* -algebra 
A2(v)^ which linearly spans l^^) is given by 

{s 3 ,t k ,v : j G J - {1}, k G J}; 
or, if the spin factor is of odd finite dimension, 

{sj,t k ,v,u a : j G J - {l},k G J} 
Proof. If j ^ l,k ^ 1, 

Sj ■ s k + s k ■ Sj = SjV*s k + s k v*s.j = 2{sjvs k } 

= —2i{uj + Uj,ui + ui,Uk + Uk}- 

If j =/= k then all 8 terms in the expansion of this triple product are zero since the 
triple product of three mutually colinear partial isometries is zero. On the other 
hand, 

2 s j ' s j = —2i{uj + Uj,ui+ui,Uj + Uj} 

= — 2i[{ujUiUj} + {ujUiUj} + {ujiliUj} + {ujUiUj}] 
+ — 2i[{ujU\Uj} + {ujUiUj} + {UjUiUj} + {ujUiUj}] 
= -2i[0 - Ui/2 + - ui/2 - ui/2 + - m/2 + 0] (by @) 
= 2v. 
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Similarly, tj ■ % + tf. ■ tj — 28jkV for all j, k G J; and Sj ■ f& + tk ■ Sj = for all 
./ • •/ {1 !•/■••: •/• 

Next we consider the case that uq is present. If j ^ 1, 

Sj • Uo + Uq ■ Sj = SjV*UQ + UqV* Sj = 2{sjVUo} 

= -2i{uj + Uj,u\ + ui,uo} 

= -2i[{ujUiUo} + {ujUiUo} + {HjUiUo} + {ujUiUo}]. 

By Peirce calculus {ujUiUo} is orthogonal to u\ and is a multiple of Uj, hence it is 
zero. Similarly, each of the other three terms is zero, and similarly tj -UQ + UQ-tj = 
for all j G J. Finally uq ■ uq = — i{uQ, U\ + U±, uq} = v by (j^). □ 

As Y is completely isometric to Y2(vp v ' , this completes the proof of Proposi- 
tion 2.6 and Theorem |3| in the case that Y is triple isomorphic to a Cartan factor 
of type 4. 

3.2. Cartan factors of type 3. We next prove Proposition |2.6| and Theorem || in 
the case that Y is triple isomorphic to the Cartan factor S(H, J), of type 3. Again, 
we let A denote any von Neumann algebra containing Y. 

Let us recall that an hermitian grid (cf. ^ p. 308]) is a family {uij : i,j £ 7} 
of partial isometries satisfying ity = Uji\ Uij _L uu if H {k, 1} — 0; Uij h Uji if 
i ^= j; UijTujk if i, j, fe distinct; {uijUjkUki} = ua/2 and {uijUjkUki} = uu if i 7^ I 
and at least two of these elements are distinct; and all other triple products are 0. 

Let {u^ : i, j € A} be an hermitian grid which is w*-total in Y and let v denote 
the partial isometry J^. uu (the sum is w*-convergent since uy, _L Ujj) and note that 
it has the property that Y = Yzfa). Let ip : Y — > J) be the triple isomorphism 
determined by ip( u ij) — Uij, where {Uij} denotes the canonical hermitian grid for 
S(H, J), that is, U^ = fa (8 fa + fa ® ^ for i ^ j and J7„ = fa ® fa for an 
orthonormal basis of i?. 

Note that isomorphisms of JW*-triples (being isometries on spaces with unique 
preduals) are automatically w*-continuous. Hence tp(v) = Idu and = 
tp(uij), ip(v)} = ip(uij)* = U*j = Uij = ip(uij), so that Uij is self-adjoint 
in A%(v). Here, a} = va*v denotes the involution in ^(u) . Also, recall that the 
ternary product is the same whether it is computed in A or in A 2 (v) i ~ v \ that is. 
xy* z = xv* (vy*v)v* z. 

Now define = uu ■ , where we use a ■ b to denote the associative product in 
A 2 (v) { - V \ that is, a ■ b = av*b. 

Lemma 3.2. The collection {&y} forms a system of matrix units in A 2 (v)^"\ that 
is, 

( a ) : e ij = e 3i' e i] ' e kl = Sjkdil, V = Yj e ii- 

Moreover, 

(c): '0 extends to a * -isomorphism ip : spefeij} —* spc{Eij} satisfying ij)(eij) = 
Eij , where Eij = </>j ® </>j . 

Proof. We first show these three identities: 

(4) (ua ■ - ■ Ujjy{uu ■ - u^ ■ u rj ) = 0, 

(5) (e^ ■ e k i) ■ (eij ■ e k iy = for j ^ k, 
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(G) 



1-3 U J 

UuV *u 

ij ■ ujij — ujii ~r u>jj , Ua ' Ujj ■ 
(ll^ ' U^j Uij ' ^Jj) ' (^7.* ' (,i 



0. 



Note that ttjj • w 



= u jj) u a ~ u n> an( i that similarly, for i =/= j, 



0, and Uj 



■'.1 



Hi 



ij U ij ' U jj ) = 
/ / " / / ' " {^ii ' l^ij ^ij ' ^33 ) 
Uu ) ■ Ua Uj'j ■ (Uij ■ ti^i ' Uij*) 



Therefore, for i 7^ j, 



(u 



u, 



u ij) ' u jj + u ij ' ( M 



J.l 



+ Ujj ■ (Uii+Ujj) ■ Uj 



— Ujj Ujj u 

Next, if j 7^ k, then 



= 0, proving (0) and the first statement in (b). 



&ij ' °kl ' e\k ' &ji 

u^ ■ Ujj ■ (ukt ■ uu ■ uik) ■ Ukk ■ Uji ■ uu (by (b)) 



(Ukk ■ Ukk)Uij ■ Uv 



Next, 



— Uij ' Ujj ' W-kk ' Uij ' Ua 

eji - en) ■ (eij ■ eji - euf = 
i&ij ' eji en) • (eij • eji en) 
(u^ ■ Ujj ■ Uji ■ uu - u it ■ uu) ■ (uu ■ Uji 
—Uij ■ Ujj ■ Uji ■ uu ■ uu + uu ■ uu ■ uu 



0, proving (|). 



*33 



Hj - u u ■ u u) 



+ 



where A = u 
To prove (I 



ijj ■ (uji ■ uu ■ Uji) ■ u 



-A- 
-A 



Ui, 



^33 
B, 



33 ' U%[ ' Uu ' Uji ' Ujj ' Uij 

Ui, - B 



Ujj ■ Uji ■ u u ■ uu and B = u a ■ u u ■ u jt ■ u 3j ■ u i3 . 



it remains to show that A = B 



Here we need to distinguish 



cases. Suppose first that i,j and / are distinct. Then {ujiuuuu} — so that 



A 



Ujj ■ (2{ujiu u uii} - Uu ■ u u ■ Uji) 

Uij ■ Ujj ■ (U it - Uu) ■ Uji 



U,y u,jj 
ub% 7 * U/ ^ * Uj° 



= Uu — Uij ■ Ujj ■ (ua ■ uu) ■ Uji (by the first statement in (b)) 
= Uu as required. 

Alsoi? = uu-uu-(2{ujiUjjUij}-Uij-Ujj-Uji) = uu-uu-uu-uu-uu-Uij-Ujj-Uji 



Ui 



Now if i =j, then A = Uu-Uu-Uu-uu-uu 



T|3 



Similarly if I = j or i = I, proving ( 



and B = 



Uu-Uu-Uu-uu-uu 



Finally, since UijUkk = if k {i,j}, ey+e^ = u tj -Ujj+Uij -u ti = t%-(J] u fcfc) = 
j . This completes the proof of (a) and (b) . 
By the first statement in (b), we have 



6 - ■ {uu • Uij)^ — ^"ij ' ^ii — ^jj^ji 



-ji- 



Since the system of matrix units {e^} are linearly independent, %p defines a linear 
isomorphism of spc{ey } onto spci-E-jj} which is by construction a "^-isomorphism, 
proving (c). □ 
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HHI 



Clearly ip extends to a "-isomorphism from the C*-subalgebra spc{ey} of 
A2(v)( v ) onto the C*-algebra of compact operators K(H). By || Lemma 1.14], ip 



-continuous isometry and, hence, "-isomorphism from spc{ey} 
onto B[H). Since a "-isomorphism is completely isometric, the proof of Proposi- 
tion 2.£ and Theorem [?] is completed in the case that Y is triple isomorphic to a 



Cartan factor of type 3. 

4. CARTAN FACTORS OF TYPE 2 

In this section, we prove Proposition |2.6| and Theorem |^ in the case that Y is 
triple isomorphic to the Cartan factor A(H, J) of type 2. Again, A denotes any von 
Neumann algebra containing Y. Since A(C 3 ,J) is triple isomorphic to £?(C,C 3 ), 
which is covered in section 7, and A(C 4 , J) is triple isomorphic to Sp (6), which was 
covered in section 3, we may and shall assume that dimff > 4. 

Let us recall (|§|, p. 317] that a symplectic grid is a family {u^ : i,j G I,i ^ j} 
of minimal partial isometries satisfying Uij = — UijTuki if {i, j} H {k,l} ^ 0; 

_L Uki if H {fc, 1} — 0; 2{uijUaUki} = Ukj for distinct k, I; and all other 
triple products vanish. The fact that each «y is minimal can be expressed by 

(7) Ui 3 u* kl u i: j = 5(ij),(fc,o«ij. 

Let {Uij} be a symplectic grid which is w*-total in Y. Let ip : Y — > J) be 

the triple isomorphism determined by ip(uij) — Uij, where {Uij} = 4>j ®(pi — <pi l S>(j)j 
for an orthonormal basis {(/)\} of H. 

Lemma 4.1. For any indices i, j, k, I, m, 

(8) UikU k iUn = UijUj m Ui m , 

and for 1 < i < n, the elements en unambiguously defined by en = UijU* m Ui m are 
non-zero orthogonal partial isometries in A. 

Proof. We shall use repeatedly the fact that Uij = —Uji. 
Suppose that k, I are distinct. Then UijU* kl = and therefore 

UikU* k iUu = 2{ui J UijUik}u* kl Uii 

= (uijUijUik + UikUijUijjUuUu 

(9) = UijUyUikultUii + 

= Uij(ukiul k Uij + u i: jU* k Uki)* uu 

= 2uij{uijUikUki}*uu 

= Uij(-utj)*ua = UijUflUu. 

Similarly, if m,l,i,k are distinct, by replacing uu by 2{ui m Ui m uu} , we obtain 
Uikul[Uu = UikU* km u im . Indeed, 

UihU k iUu — Ui k u k {2{ui m Ui m uu} 

= Ui k U* kl (u im U* m Uu + UuU* m Uim) 

(10) = U lk U* kl UuU* m U lm 



Together, (O) and (10) show M) and thus en is well defined. 
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We next show that en ^ 0. Suppose instead that en = for some i. For i,k,l 
distinct, u ik Tu k i and u k iTuu, so 

Ukl = u ik u* k u k i + UklU* k U ik 

= Ui k u* k {uttU* a uu + u k iu* a ua) + {u a u* a u kl + Ukiu* l Uu)u* k u i k 

(11) = {uikU^uutt^Uki + Uike^uu) + {u a e u u ik + u k iu*iUa)u* k Uik) 

= {uikU^uuu^Uki + 0) + (0 + u k iu* a uu)u* k u lk ) 

= L ik Luu k i + u k iRuR ik , 

where L ik = Ui k u* k and Ri k = u* k u ik denote the left and right support projections 
of u lk . 

By the definition of symplectic grid, if p, k, I, m are distinct (recall that n > 5), 
then u pm — 2{u pk u k iu m i} . However, by ( pd] ) and the commutativity of the support 
projections associated with uu and m k (see Lemma |5.4| ), 

Upm — 2{ l U J p k Xl k lVj rn l} 

= Up k U k iU m l + U m lU k iUp k 

= u pk (Li k Luu k i + u k iRnRi k y (L lk Luu k i + u k iRnR ik y 

— u pk u kl Lii(L ik u m i) + (up k Rii)Ri k u* kl u m i 

+u m iu* kl Li k (LiiUp k ) + {u m iRi k )Ruu* kl Up k = 0, 
which is a contradiction. Thus en ^ and it is a partial isometry: 

= -UikUkiUilUi^UklUikUirfuliUik 

= u lk ul l {u u u* l Uii)u* k u k iu* kl u ik 

= u ik{u* k iU a U* k )UklU* kl U ik 

= -u ik u* k u u (u* kl u k iu* kl )u ik 
= -Ui k u* k (uiiu* kl u ik ) 

— Ui k u^ k en 

_ * / * \ 

— u ik u ik\ u ikU km Ui m ) 

— Uik^km^im — 

Finally, to show orthogonality, take i,j,l,p distinct and note that 

' = {UilU* lk Uki)*UjpU* pm U m j = U* kl Ui k U* lU: jpU pm U mj = 

and similarly ene*j = 0. □ 
Lemma 4.2. With the above notation, 

(a) : euu^eu = e li e* j e li = for i ^ j. 

(b) : {en} U {?%■} is a linearly independent set. 

(c) : Uij .I e kk for k g that is, S A Q (e kk ). 

(d) : {eueuUij} = u, tj /2 = {',,',,//,,}. that is, u i3 £ Ai(e«) n At(ejj). 

Proof. 

enliven = UikV l * kl Uiiu* j UikU* kl u i i = -uuu^UikU^UikU^uu 
= -uuu* kl {u ik u t jUik}u* kl uu = 0, 
since {iii k UijUi k } G ^2-1+2 (uik) = {0} by Peirce calculus. Also 
euejjeu = Uikul^uaUj^UpmU^UikU^uu = 0, 
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proving (a), and (b) follows immediately from (a). 

To prove (c), note first that e* kk Uij = (ukiu* lm u mk )* u, L j = u* mk ui m u* kl u t j which is 
zero if {i, j}C\ {I, k} = 0, and similarly u.ije kk = 0. Thus 2{uijUije k k} = UijU*jSkk + 
e-kkU*jUij = 0, which is equivalent to Uij € Ao(ekk)- 

Finally, we shall show assertion (d): 

2{eaCaUij} ^ii^ii^ij ^ij^ii^ii 

— UipUp m Ui m UnUklUi k Uij ^~ UijUi k UlkUnUi m U m pUip 

— 2Uip}Up m Ui m Ui[} Uk\Ui k Uij ~t~ ^Uij Ui k Ulk}unUi m U m p} Uip 

(since u* m u k i = u kl u* m = 0) 

= UipU p iUklU ik Uij — UijU ik UlkUpiUip 

= 2u i p{upiUkiu l k}* Ui ~ 2u i] {u l kUikUpi}*u lp 

— Uip( Hpi) Uij ^ij^ip^ip 
2}uipUipUij } — Uij. f— 1 



Lemma 4.3. Define, for i ^ j, e%j = sae-iiUije^ejj (product in A). Then u 



(a) : {e^} is a system of matrix units in the C* -algebra A2(v) lyV \ 

(b) : if) extends to a * -isomorphism tjj : spc{eij} — > spc{Eij} satisfying i/j(eij) = 
Eij, where {E^} — <f>j ® (pi. 

Proof. By definition, = e.jj&* 11 Uj l e* ii ea = — e^e* -U^e^eu = —e^, and by 



Lemmas 4.1 and 4.2 



e 3l — 

2{eaeiiUij}ejjejj -\- CjjCjj2{€nenUij} 
= u^e^ejj + ejjejjUij 
= ^ { e j j ejj u^} — u^ . 

Since v = ^ Ckk, to prove (a) it remains to show that CijV*ei k = 5jiei k and ve^v = 

e ji- 

In the first place, if j ^ I, then e tj v*ei k = e ii e* i Uije*j j (ejjV*eu)ei l Uike% k ekk = 0. 
Now consider the case j — I, so that 

# # # / \ ^ \* * * * * * 

e ijV €jk — e ii e ii u ij e jj e jj\ / J e qq) e jj e jj u jk e kk e kk — e ii e ii u ij e jj u jk^kk e kk- 



There are five cases to prove: 



• &a — Ga \ this is true since &nv — ca^a^n — 

• cu^Gik — e^/c, k ^ i: since &#v*Bik — eav* Gne^iiikG^ekk = e i? f 

&ik ■ 

• &ijV Gjj - 6<ij , 1 ^ J , Since CijV Gjj — CaC^UijCjjCjjV Gjj - 
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• e lj v*e 3 i = en, i ^ j; since 

j)t aft a|f 4 s 4 s 

e ij V e ji ~ e H e ii U ij e jj e jj V e jj e jj U ji e ii e H 

= e ii e ii u ij e jj u ji e ii e ii 

# * # # 

— &ii&ii'U'ijU jfcUkl ^jl^ji 

= ^ e ii e ii{ u ij u jk u kl}UjiUjie ii en 

(by Lemma |i~2](c), e*M fc( = 0) 

• Cijv*ejk — &iki hj^k distinct; since 

* * * \ * 

G-ijV G-jk ^ii^ii^ij ^jj ^jj ^jj^jj J^jk^kk ^kk 

= eue^Uije^jUjke^ekk 

* / * \* * 

— eae^Uij^UjmU^Ujp) Ujke kk 6kk 

&ii&ii^ij^jp^iTip^jrnV J jk&kk ^kk 

= 2eiie ii {uijUjpU rnp }Uj rn Ujke kk ekk 
* * * 

— GiiC ii Ui m ,Uj rn UjkGkk e kk 

— 2&ii&ii\^irn^jrn'U'jk\&kk^'kk 

— ^■ii^'ii'^'ik^'kk^'kk ■ 



Finally, 



e ii e ii u ij e jj e jj 

UikU^UilU^Ukliu^UijUj^UpmUjpUjpU^Ujm 

n * * r T * * * 

ZUikU fciUilUnUkl \UikUijUj m J- Up m UjpUjpUp m Uj r 

* * / * * \ * 

— UikU k iUilU il Ukl(U mk U pm Uj p )UjpU pm Uj m 

UikV'ki'U>il'U>ij'UjpUp rrl Uj rr i 



and therefore ve^-v = — we^uye^u = — e^e^u^e^e^ = ejje*^Uj i e* i e li = e^. This 
completes the proof of (a). 

Since the system of matrix units {e^} are linearly independent, -0 defines a 
^isomorphism of spc{ey} onto spc{-EV/}, proving (b). □ 

By the same method used in Section 3 for the Type 3 case, ip extends to a 



"-isomorphism of spc{ey } onto B(H). The proof of Proposition 2.6 and Theo- 
rem |^ is thus complete in the case that Y is triple isomorphic to a Cartan factor of 
type 2. 

5. Cartan factors of type 1 



In this and the next section, we prove Proposition 2.6 and Theorem [| in the 



case that Y is triple isomorphic to a Cartan factor of type 1. This turns out to 
be more complicated than the other types, especially in the case that Y is of rank 



1 (Hilbertian). Except for some important preliminary cases (see subsection 5.3), 
the rank 1 case is proved in section 7. 
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Let {uij : i G A, j G £} be a rectangular grid which is w*-total in Y. Recall 
p. 313] that this means that each «y is a minimal partial isometry, Ujfc _L ua if 
i 7^ j and k ^ 1; Uj k Tuu if either j = i, k =/= I or j =/= i, k = I; 

(12) {uj-fcUj/u,;} = u l fc/2 if j 7^ i and k ^ I; 

and all other triple products are zero. 

We shall assume throughout this section that Y is triple isomorphic to B(H, K), 
that is, |A| = dimK and |S| = dim_ff. Specifically, by ||, p. 317 and Lemma 1.14], 
this means that the map i— > extends to a triple isomorphism of Y onto 
B(H,K), where E^ = <pi ® -0j f° r orthonormal bases {ipj : j G £} in _ff and 
{</>i : i G A} in i^T. 

5.1. A special case. Note that the canonical rectangular grid {Eij} for B(H, K) 
satisfies E i3 E* k = (tp k \ipj)4>i ® 0« — f° r 3 k and all i; and E* k Ej k = for i 7^ j 
and all fc. 

Lemma 5.1. Wii/i Y as above, assume that for some fixed values of i G A, k, I G S, 

uuu* k = and k ^ I, or for some fixed values of i, j G A, k G S, u* k Uj k — and 
i =/= j ■ Then 

(a) : /or a// j G A,p, g G S wii/i p ^ q, Uj p u* q = and /or aZZ p, # G A, r G £ 
wz£/i p q, u* r u qr = 0. 

(b) : y is a ternary subtriple of A which is ternary isomorphic and completely 
isometric to B(H,K). 

Proof. We shall give the proof in the case that uuu* k = 0. The other case follows 
by symmetry. 

We first take care of the "i^-row," where i, k, I are the fixed values. If p £ {k, I}, 
u ip u ik = 2{uuUiiUip}u* k 

= (uuU^Uip + Ui p uliUil)u* k 

(13) = Uii{u*iUi p u1 k ) (by assumption) 

= -u a u* ik UipU* a (since {u ik UipU a } = 0) 

= 0. 

Thus, if q£{p,k}, 

UipV>iq — 2Uip{ui k Ui k Uiq} 

(14) = u tp (u ik u* k u iq + u iq u* k u ik )* 

= (utpU* q Uik)u* k (by (13)) 

= ^ u ikUj /q UipU ik = 0. 

This proves the first statement in (a) when j has the value i. We next take care 
of the "j^ n -row" (if it exists). If p 7^ q and j 7^ i, 

^jp^jq '^{V'ipV'iq'Ujq^V'jq 

/ * 1 * \ * 

— y^ip^iq^jq ' ^jq^iq^ip )^jq 

(15) = u jq u* q u lp u* q (by (14)) 

— UjqU^Uip\U^qUipUj p ■+■ UjpUipU iq ) 

— (by ( |l4| ) and the minimality of 1%,). 
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This proves the first statement in (a). We complete the proof of (a), by taking 
care of the "columns," (if they exist). For all p, q, r with p ^ q, choose s ^ r. Then 

tLpr^qr ^^prX^qs^ps^pr J — ^pr\P r ps < l s i Uq S U^ s Up r J 

Wp r (Wp r 1ip S )?/g S ~t- {Up r Uqs)Up S Up r 0, 

by orthogonality of u qs and u pr for s ^ r and by (p"5|). 

By (a), and the separate w*-contimiity of multiplication, Y is a ternary subtriple 
(closed under (a, b,c) <— > ab*c). Furthermore, sp c {uij} is ternary isomorphic and 
isometric to sp c {-Ey } via Uij <— > Eij and we can again use Lemma 1.14] to extend 
the map to a ternary isomorphism of Y onto B(H,K), which then is a complete 
isometry. □ 

By the same arguments, we also have the following. 

Lemma 5.2. With Y as above, assume that for some fixed values of i, k, I, u^Uik — 
and k 7^ I, or Ui k u* k — and i =/= j . Then 

(a) : for all i, k, I with k ^ I, u^Uik = and for all i,j, k with i ^ j, Ui k u* k = 0. 

(b) : Y is ternary isomorphic and completely isometric to B{K,H). 

It is convenient to single out the rank one case. 

Corollary 5.3. Let Y be triple isomorphic to a Cartan factor of type 1 and rank 1 
and denote by {u\} a rank 1 rectangular grid for Y . 

(a) : If UiU* — for some i ^ j, then Y is completely isometric to B(H,C). 

(b) : If u*Uj = for some i ^= j, then Y is completely isometric to B(C, K). 

5.2. The case of rank 2 or more. The following simple lemma will be useful in 
this and the next section. Part (b) of it is referred to as "hopping" . 

Lemma 5.4. Let u,v,w be partial isometries. 

(a) : If u and w are colinear, then the support projections uu*,ww* commute as 
do u*u, w*w. 

(b) : If v and w are each colinear with u, then uu*vw* = vw*uu* and u*uv*w = 
v*wu*u. 

Proof. We prove (b) first. Since uu*v + vu*u = v and uu*w + wu*u = w, 
(uu*v)w* = (v — vu*u)w* = vw* — v(u*uw*) = vw* — v(w* — w*uu*) = vw*uu*. 
Similarly for the second statement. To prove (a) use the same argument: uu*ww* — 
(w — wu*u)w* = ww* — w(u*uw*) = ww* — w(w* — w*uu*) — ww*uu* . □ 



Justified by Lemmas 5.1 and |5.2| we may now assume in the rest of this subsec- 
tion |5.2| , without loss of generality, that 

(16) Uiku*j 7^ and u* k Uij ^ for all i G A, j, k G S, 
and 

(17) u ikUjk 7^ an d u ik u jk 7^ for all i,j G A, k G S. 

Lemma 5.5. Suppose that Y is triple isomorphic to a Cartan factor B{H 1 K) of 
type 1 and rank at least 2, let {u^ : i G A, j G £} be a rectangular grid for Y and 
suppose that ( |l6| ) and ( |l7| ) hold. 

Then for all i G A and j G S, the projections 

Li := u ik u* k and Rj := u*jUij 
fees leA 
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are non-zero. 



Proof. Note that by Lemma 5.4, the above are products of commuting projec- 
tions. We shall show that Li ^ 0, the proof for Rj being similar. 
Suppose the assertion is false, that is, for some i E A, 



n 



UikU ik = 0. 
fees 

Choose a finite subset SCS and denote it by {1, 2, • • • n}. Choose aj^i and an 
I € S — {!}. Since uuTun, 



UUU^ = UilU^UilU^ + UuU^UilU^ 
= UuUixUilUji 

= u ll u* 1 u l2 u* 2 u i iu* l 



k=l,k^l 



Since Ilfces U; ^ u *k is tne w*-limit of the net {Y\ k es UikU tk}\s\<oc, it follows by 
separate w*-continuity of multiplication that uuu* }l — 0, which contradicts (|l7|). □ 



Lemma 5.6. Let Y be as in Lemma \5. q . Let 

P = II U ^U*ik: 

ieA fees 

which is a sum of non-zero orthogonal projections. The maps Y 3 y i— > py G pY 
and Y 3 y i ^ ( 1 — p)y G (1 — p)Y are completely contractive triple isomorphisms. 
Also, pY _L (1 -p)Y. 

Proof. We begin by showing that {puij} is a rectangular grid which is w*-total 
in its w*-closure. We start by showing that pu^ is a minimal partial isometry using 
the criterion (^). We have 

pU i3 (pUkl)*pU i:j = pUijUuPUij =pU i3 U* kl ^2u ql U* ql ■ --UqnU*^ Uij . 

W / 



By Lemma 5.4(a), this is zero if k ^ i. For k = i, we have 

pUij(pUkl)*pUij = pUijU^UnU*! ■ ■ ■ U ln U* m Uij. 

which is zero for j ^ I, since by Peirce calculus, UijU^Uij = 0. On the other hand 

(puij)(puij)*(puij) = puiju^unu^ ■ ■ ■u ln u* n u ij = pu^, 

and it is non-zero by Lemma |5.5| . This proves that puij is a minimal partial isometry. 

We next show that pujk -L pun for i ^ j and k ^ I. On the one hand, 
pujk{puu)* = pujku* u p = 0; and on the other hand, 

(puu)*pujk = u*iP u jk = ^ u ai u ^ u *qi ' ' ' u qnU* qn )u jk = • • • u m u* n u jk = 
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by Lemma |5.4| (a). 

We next show that pUi k Tpuu for k ^ I. We have 

puikipuik)* pu u + puuipuikY pUik = 
pu ik u* k puii + puuu* k puik 
= • • • u in u* n )u lk u* k puii 

+ ( u n u ii ■ ■ ■ u m u* n )uuu* k pu ik 
= • • • u m u* n )u u + (since u* k u a u* k = 0) 

= pun as required . 

We next show that for i / j, puj k ~X pu; lk . To this end , we shall show that 
pu jk (pu jk )*pu tk = and pu ik (pu jk )*pu jk = pu tk . In the first place, 

pu jk (pu jk )*pu ik = (pU jk U* k )(pU ik ) = (UjlUjx ■ ■ ■ U in U*„)(MiiU*l • • • u in u* n ) = 0. 

In the second place, 

pu ik (pu jk )*pu jk = pu ik u* k {pu jk ) 

= pu ik u* k { Y[ Ujiu^Ujk 

l<l<n,l^k 

= P u ik(u* jk - u^u^UjfJutfUjz ■ ■ ■ u jn u* n u 3k 
= pui k u* k (uj 2 u* 2 ■ ■ ■ u jn u* n )u ik 

= pu ik u* jk u jk = p(u lk - u ]k u* k u ik ) = pu lk . 

Finally we shall show that {puj k , puji , pun} = pui k /2 for j =/= i and I ^ k. It 
suffices to prove pujku^puu = and puuu^pujk = pui k . 
On the one hand, 

pu^u^pua = u m \u* ml ■ ■ ■ u mn u* mn Uj k u* l pu i i 

m£A 

= WjlU*! ■ • ■ U jn U* n Uj k U* l pUu = 0, 



since u^UjkU^ = 0. 
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On the other hand, 



puuUjipUjk 




raEA 



= PUilUji [UjiUj! ■ ■ ■ Uj„Uj n ]Ujk 



(where Ujiu*i and Uj k u* k are not present in the [ • ]) 
= PUu [Uji - Uj 1 U jl Uji]Uj2Uj 2 ■ ■ ■ u on u* n u jk 
= punUflUj 2 Uj 2 ■ ■ ■ u jn u* n u jk 



= p{Uik - UjkUflUil) 

= puik - pUjkUjiUu 
= puik - y~] u ml u* 



1 ' ■ ■ U mn U mn Uj k U jiUu 



= puik since u^UjkU^ = 0. 



It now follows that the map y i— > py is a triple isomorphism, and hence an isom- 
etry, from the norm closure U of sp c {iiy} onto the norm closure V of sp c {puij}. 

We claim that the map y i— ► py is an isometry of the w*-closure U of U onto the 
w*-closure V of V, and is thus a complete contraction as well. 

First we show that if py = and y £ Y, then y = 0, from which it follows 
that the map y i— ► py is a w*-homeomorphism when restricted to the unit ball of 
U. Then by (3.1)], y ^ py extends to an isometry of U onto V, which is 
w*-continuous by the uniqueness of the preduals. This w*-extension must agree 
with y i— > py on Y, which proves the claim. 

To prove the above statement suppose py = for some y £ Y. Then L t y — for 
each i £ A. We may write y = Y1 \j u ij where the sum converges in the w*-topology 
and Xij = Ujyrij, where Uj = UijU*j, (resp. — u*jUij) is the left (resp. right) 
support of Uij. Since LiUijRj = LiUij ^ 0, = LiyRj — Lil^yr^Rj — XijLiUijRj 
and so Ay = and y = 0. 

We can similarly show that {(1 — p)uij} is a rectangular grid and that hence, 
as above, the map Y 3 y > (1 — p)y € (1 — p)Y is an isometry and complete 
contraction. For example, to prove that (1 — p)ujkT (I — p)v,ik, it suffices to show 
that 



(1 -p)u ik [(l -p)u ik ]*(l -p)u 3k = (1 -p)ujk- 

For the first statement, 

(1 - p)u jk u* k {\ - p)u lk = (1 - p)u jk u* k u ik - (1 - p)u jk u* k pu ik 
= (1 - P)u jk u* k Ui k - (1 - P^jkUikiuaUx ■ ■ ■ u in u* n )u ik 
= (1 - p)u jk u* k u lk - (1 - p)u jk u* k u ik = 0, 

since in the second term, for I ^ k, Uj k u* k u u u* a = u jk (u* k - u* a uau* k ) = u jk u*, 



(1 -p)Ujk[(l -p)Uik\*(l ~p)Uik 







and 
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For the second statement, 

(1 -p)u ik u* ik (l -p)u jk = (1 - p)u ik u* ik u jk - (1 - p)u ik u* k pu jk 

= (1 -p)u ik u* k u jk + 
= (1 -p){u jk ~ u jk u* k u lk ) = (1 -p)uj k . 

We omit the entirely analogous calculations showing that the other grid proper- 
ties hold. 

As above, the fact that y i— » (1 — p)y is a complete semi-isometry follows from the 
fact that it is one-to-one on Y. To see that it is one-to-one on Y, suppose (1— p)y = 
for some y £ Y. Writing y — Y^^ij u ij leads to Yli,j ~ ^i) u i,j = 0. If there 
were indices such that (1 — = 0, then since (1 — Li)Uij = (1 —p)uij, 

we would have w^-tiy = u k jpuij = u^LiUij — for some k, violating ((L7|). 

Finally we show that _L (1 — p)Y . It suffices to show that basis elements are 
orthogonal. First, 

puij[(l -p)uij]* = puijUijil - p) = (JJu ifc u* fc )u y «y(l-p) =p{l-p) = 0. 

k 

Next, if j ^ k, pu io u* k (l - p) = (Xii u il u *l) u ii u *ki l ~P) = °> sincc u u u *j u u = °- 
Finally, if fc ^ z, 

n 

= pUijU kj -pUij[u k j - U k lU% x U k j\* Y\_ u kl u ll 
n 

= PUijU* kj - pu i:j u* kj Y[ u kiu* kl 

l=2,lft 

= PUijU kj -pui-julj = 0. 
Clearly [(1 — p)y]*pz — for all y, z £ Y, finishing the proof. □ 

Proposition 5.7. Suppose that Y is triple isomorphic to B(H,K) and is of rank 
at least 2, and that ( |l6| ) and ( |T^ ) hold. Then Y is completely semi-isometric to 
B(H,K) and completely isometric to 

Diag(B(H,K),B(K,H)). 

Proof. For k ^ j, 

pilikipUtj)* = pUi k U*jP 

= pUikUijUnU*! ■ ■ ■ u m u* n = 0. 



so Lemma 
Lemma 5.6. 



5.1 applies to show that pY is completely isometric to B(H,K). By 
, Y is completely semi- isometric to B(H,K). 
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Similarly, Lemma 5.1 applies to show that (1 — p)Y is completely isometric to 
B(K,H). Indeed, 



[(1 - p)u ik ][(l - p)u jk ] 



= (1 -p)UikUj k (l -p) 

= (1 - Y[uiiua)u ik u* jk (l -p) 



= u lk u* k {l-p) - (JJuizOu ifc u* fe (l -p) 
I 

= u lk u* k (l -p) - u lk u* k {\ -p) = 0, 

since for I ^ k, uuu^u^u*^ = (u ik - M ifc M* ; -u i; )u* fe = u ik u* k . 

As in the proof of Lemma [2. 4 pY © £ °° (1 — p)Y is completely isometric to 
B(H, K) Q> e °° B(K, H). □ 

This completes the proof of Proposition and Theorem || in the case that Y 
is of rank 2 or more and triple isomorphic to B(H,K). 

5.3. The case of rank 1. Preliminary cases. Assume now that Y is finite 
dimensional and rank 1. Let us denote a finite rectangular grid of rank 1 for Y 
by {tii, ■ • ■ ,M n }- For the record, let us note that this means precisely that Ui is a 
non-zero partial isometry: {uiUiUi} = Ui ^ 0; Ui is minimal: 

(18) {uiUjUi} = for i ^ j; 

and that u< is colinear with u k : {uiUiU k } = u k /2 for i ^ k. By the grid properties 
and the identity = ||j/|| 3 , Y is isometric to a Hilbert space with orthonormal 

basis {uj} (see p, p.306]). 

We shall denote, for J = {ji, . . . C {1,2,... ,n}, u* i uj 1 u* 2 Uj 2 ■■■u*-.Uj i by 
(ii*u)j. By commutativity of the projections u k u k we may and shall assume that 
1 < ji < ■ ■ ■ < ji < n. Similarly (uu*)j will denote UjyU^UfoU*^ ■ ■ ■ Uj^*.. 

Lemma 5.8. If (uu*)j — for some J with \ J\ = i, then (uu*)j — for all J 
with \ J\ = i. If (u*u) 7 = for some J with \ J\ = i, then (u*u)j = for all J with 
\J\=i. 

Proof. Suppose that (uu*)j = for some J with \J\ = i. Then for s € J and 

k £ J, 



(«W*)(J-{8})U{fe} = 



(uU*)j-{s}UkU* k 

(uu*)j^{ s }(u k u* s u s + u s u* s u k )u* k 
(uU*)j_{ s }U k U* s U s ul 



= u k u*(uu*)j_{ s yu s u k (by Lemma 5.4 ) 
= u k u*u s u*(uu*)j^ {s} u s u* k 
— u k u s (uu )ju s u k = (J. 
The proof of the second statement is similar. 



□ 



Lemma 5.S makes it possible to define in to be the largest i such that (uu*)j 
for any J with | J| = i and it, to be the largest i such that (u*u)j ^ for any J 
with | J\ — i. The numbers in and ih are indices which depend on how a JC*-triple 
sits in its ternary envelope. We use the numbers in and to define projections 
PR = E\j\= iR (uu*)j and p L = T,\j\=i L (u*u)j. 
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Lemma 5.9. Each of the maps y h-> p R y, y h-> yp L , y h-> (l-p R )y, y i-> y(l 

are completely contractive triple isomorphisms ofY into A. Also prY _L (1— pr)Y 

andYp L ±Y{l-p L ). 

Proof. To prove the first statement, it suffices to show that each of these maps 
takes the rectangular rank 1 grid {u k } k=1 into a rectangular grid of rank 1. 

We carry out the proof for y i— ► p R y and y i— ► (1 — p R )y, the proofs for the other 
maps being identical. For notation's sake, we let p = pr and Wj = puj. 

If w k = 0, then 

= w k w* k = {pu k ){pu k )* = pu k u* k p = ^2 {uu*)j. 

| j\=i R ,keJ 

A sum of orthogonal projections cannot be zero unless each one is. Thus (uu*)j = 
for any J containing fc with | J| = i R , which is a contradiction. Hence, w k =/= 0. 
Next, for i ^ j, 

w l w*w i = pu i (pu. j )*pu l ^pu i u*pu i 

= pUiU* ^2 ( UU *).J u i = 0; 
\\J\=iR J 

since if i G J, UiU*{uu*)j = and if i ^ J, then (uu*)jiii = 0. 
Similarly, 

w l w*w i — pui(pu t )*pu t =pU*UipUi = w 4 

\|J|=i R ,ieJ / 

and = pu.i = J2\j\=i R ( uu *)j u i = Y,\j\=i R ,iej( uu *)j u h so that w i w*w l = Wi. 
Now we shall show that Wi and w k are colinear. It suffices to show that for i ^ k, 

pui(pui)*pu k + pu k (pui)*pui = pu k , 

equivalently (by using Lemma |5.4| on the middle term), 

puiu*pu k u* k +pu k u*pu t u* k = pu k u* k . 

As noted above, 

(19) pu k u* k = pu k u* k p = ^2 (uu*)j. 

\J\=i R ,k£j 

On the other hand we have 

(20) pu^pukul = ^ i uu *).J- 

\J\=in,i,k£j 

and 

(21) pu k u*puiu* k = ^ (uu*)j u k u* ^ (uu*)j | ,'/,/;, . 

\\J\=i R ,igJ J \\J\=iR,kgJ 

It remains to show that the right side of (|l]), call it A, when added to the right 



side of (|20D, equals the right side of (19) 
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We have 

A = ( uu *)ji u ku* (uu*), h | //,//,;. 

= Y {uU^J^kU^UU^^UiUl 

\Jx\=\J%\=iR,i&Jub&J2 

Now each term in this sum for which k ^ J\ is zero, as is each term for which 



i £ J2- On the other hand, if i € J 2 and k € J\, then by Lemma 5.4 



(uU^^UkUiiuU^JzUiUl = (tiW*)j 1 ('UU*)j 2 _{ < }ttfc'lt*U i U^, 

which is zero unless J\ = J 2 U {fc}, in which case it equals (uu*)j 1 u k u*UiU k , where 
k € J\ and i £ J\. 

Conversely, if k S J and i ^ J, then 

(uu*) J u k u*u l u* k = (uu^j^kU^uu^^Uiul 

where Ji = J, J 2 = ( J - {fc}) U {i}, | Ji| = | J 2 | = Ir, i g Ji,k g J 2 . Therefore 

yl = (uu*) jUkU*UiU* k 

\j\=i R ,keJ,i<£J 

= Y {uu*)j{u k -UiU*u k )u* k 

\J\=iR,k€J,igJ 

= Y (uu*)ju k u* k 

\J\=i R ,keJ,igJ 
\J\=i R ,keJ,i£J 

as required. This proves that {pRU k } k=1 is a rectangular rank 1 grid. 
Let us now prove that (1 — p)uiT(l — p)u k , that is, 

(1 -p)ui[(l -p)ui]*(l -p)u k + (1 -p)u k [(l -p)ui]*(l -p)ui = (1 -p)u k . 
As before, it suffices to prove 

(22) (1 -p)uiU*(l ~p)u k u* k + (1 -p)u k u*(l -p)uiU* k = (1 -p)u k u* k . 
For the first term on the left side of (E2|) , 



(1 -p)uiul(l -p)u k u% = 
(23) = (1 - p)uiU*u k ul - (1 - p)uiU*pu k u* k 

= (1 — p)uiU*u k u k (since UiU* commutes with p) 
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For the second term on the left side of fl22|), 

(1 -p)u k u*{\ -p)u t u* k = 

= (1 - p)u k u*UiU* k - (1 - p)u k u*puiU* k 

= (1 ~p)u k U*UiU* k - (1 -p)u k U* ^ i uu *)j ] u i u *k 

= (1 — p)u k u*UiU* k - (1 -p)u k u* I ^ (««*),; ] w-.Ufe 
(24) = (1 - p)ukU*UiU% - (1 - Y l m/ I "''"/■ 

\|J|=t«-l,i0J,fe0J 
= (1 -p)u k U*UiU* k - (1 -p) I (titi*) J J U k U*UiU* k 

\\J\=i R -l,i£J,k£J 

= (1 - p)UkU*UiU% - (1 - p) | UkU*UiU* k 

\\J\=iR,i<ZJ,keJ 

= (1 - p)u k u*UiU* k - (1 - p)pu k u*UiU* k 
= (1 — p)u k u*UiU* k . 



By (|2J) and (|24j), the left side of (g2J) is equal to 
(1 - p)u k u* k UiU* + (1 - p)u k u*UiU* k = (1 - p)u k {u* k UiUi + u*Uj?4) = (1 -p)u k u* k , 
as required. 

We omit the analogous proof that (1 — p)uj is a minimal partial isometry. 
Finally we show that pY" _L (1 — p)Y. It suffices to show that basis elements are 
orthogonal, that is pttj[(l — p) u j]* — for all First, if i ^ j, then 

pui[(l — p)uj]* = puiu*(\-p) 

^2 {uu*)j UiUj(l-p) 

^i,j&J,\ J|=jr — 1 / 

E (uu*)j)(l-p) 

E 

v i0J,|J|=ije / 

= UiU*p(l -p) = 0. 

Next, pttj[(l - p)«i]* = P^iii* - pu t u*p = puiU* - puiU* = 0. 
Clearly, (pz)*(l - p)y = for all y, z e Y\ □ 



The next proposition proves Theorem |l|(c) (See Remark 6.2 for the definition of 
the spaces H%). 
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Proposition 5.10. If either of or it is equal to 1 or n, then Y is completely 
semi-isometric to R n or to C n . 



Proof. If in ; = 1, then u\u2 = so by Corollary |5.3| (b), Y is completely isometric 
to _B(C",C). If II = 1, then uiu 2 — so by Corollary |5.3| (a), Y is completely 
isometric to B(C,C n ). 

If in = n, then with p = pr, 



pUl(pU2)* = pUiU* 2 p = (UW*){1, 2 ,... ,n}UlU2P = 



since u^umZ, — 0, so by Corollary 5.3(a), pY is completely isometric to i?(C,C n ) 
and by Lemma 5J5, Y is completely semi-isometric to B(C, C"). Similarly, if it = n, 
then Y is completely semi-isometric to B(C n ,C). □ 

In preparation for the next two sections, let us consider the remaining case where 
1 < in,ih < n. 

Lemma 5.11. In general, in+ih > n+1. Let p — pr andvjj =puj. Leti' L andi' R 



denote the corresponding indices for the grid {w\ , . 
Proof. Note first that if it < n, 



, w n }. Then i' L + i' R = n + 1. 



(u*u){i,2,...,i L } = (u'"u) {1 ^,..., lL -i}U- L u lL 

U*u){l,2,...,i L -i}U* L (u iL u? L+1 u iL+ x +u lL+1 u* L+1 

' + ("*"){1,2,... , lL -l}U* L U lL + 1 U* L+1 U iL 

U * U ){l,2,...,l L -l}Ui L U lL +lU* L + 1 (u iL U* L+2 Ui L+2 + U iL+2 U* L+2 U iL ) 

(25) = (u*u) {h2 ....^ L ^ 1} u*Ju lL+1 u* L+1 u iL+2 u* L+2 )u iL ) 

u*u) {1 ^...,i L -i}U* iL {uu*) {iL+1 ^ +2 ^., n }Ui L . 
u*u) { i2,... ,i L -i}U* L (uu*) { i L! i L+hiL+2> .., !n} u iL . 

If n — it + 1 > in, then \{it,it + 1, . . . , n}\ > ir, so (uu*){i t 2,.., ,i L } — 0, which is 
impossible. Hence it +«r > n + 1, proving the first statement. 

It is easy to see that (w*w)j — (u*u)j and therefore that i' L ~ it- Indeed, for 
any r > 1, 



Moreover, for any r > 1, 
(»'){1 r} 

(26) 



, r j = pu x u\pu 2 u 2 - ■ -pu r u r p 
|J|=ii,{l,...,r}cJ 



uipu 1 u 2 pu 2 ■ ■ ■ u r pu r 



where the sum can be taken over all \ Jk\ — ih with fc S </& and ({1,2, ... , r} — 
{k}) n Jfc = 0. Indeed, if fc ^ Jk, then Uk{u*u)j k Uk = 0; and if there is a j € 
({1, 2, . . . , r} — {£;}) n Jfc, then by commutativity of the factors in the terms of (p6|), 
that term would vanish by ([l8|). 

Thus if r < i' R , we have i£ = |Jfc| < n— (r— 1) and in particular, < rt— (i^j— 1), 



that is, i/, + i' R < n + 1. Since it = i' L and i^. 
i'r + i'n = n + 1. 



> Ti + l, we conclude that 

□ 
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6. The Hilbertian operator spaces 

In this section we shall begin by assuming that Y is a JW* -triple of rank 1 
and finite dimension n given by a rectangular rank 1 grid {u\, . . . ,u n } such that 
in + II = ti + 1. If %l = 1 or if in = 1, then Y is completely isometric to the 



type 1 Cartan factors R n or C n by Corollary 5.3. Otherwise, we shall show in 



section 7 that Y is completely isometric to a space which is a subtriple of a 



Cartan factor of type 1, proving Proposition 2.6 in this case. This will be achieved 
by constructing, from the given grid {itj}, a rectangular grid {uu} whose linear 
span is a ternary algebra containing Y and which is ternary isomorphic to a Cartan 
factor of type 1, namely the (.") by ( n ) complex matrices. 



After this, in section 7 we shall prove Proposition 2.6 in case Y is infinite dimen- 
sional and of rank 1. 

Here is the construction. We define some elements which are indexed by an 
arbitrary pair of subsets /, J of {1, . . . , n} satisfying 

(27) \I\=i R -l,\J\=i L -l. 

Note that the number of possible sets I is Q (= (")) and the number of such 
J is (= (£)). Moreover, if \I D J\ = s > 0, then \(I U J) c \ = s + 1. Hence 

we may write 

1 = {ii,... ,i k ,di,... ,d s } , J = {ji, . . . ,ji, di, . . . ,d s } 

where IHJ~ {d\, . . . , d s }. Let us write (IU J) c = {c\, . . . , c s+ i}, and let us agree 
(for the moment) that the elements are ordered as follows: ci < C2 < ■ ■ • < c s+ i 
and d\ < d% < • • • < d a . 

Definition 6.1. With the above notation, we define 

(28) uu = u ItJ = (uu*)!^ju Cl u* di u C2 u* d2 ■ ■■u Cs u* d u Ca+1 (u*u)j- I . 



Remark 6.2. We are going to show (c.f. Proposition \6. 3{ and 6.1L) that there is a 
choice of signs e(7, J) = ±1 such that the family {e(7, J)ui t j} forms a rectangular 
grid which is closed under the ternary product (a, b, c) i— > ab*c, so that its linear 
span is ternary isomorphic and therefore completely isometric to a concrete Cartan 
factor of type 1. By restriction, from ( |3^ ) below, Y will be completely isometric 
to its image, which we shall denote by H^ R . We will then show that all are 
actually rank 1 triples (and thus Hilbertian) and satisfy k — Ir,Ir + II = n+ 1, 
thus proving the existence of the Hilbert spaces discussed in this section (see the 
paragraph preceding Example 1 in section 7). 



Proposition 6.3. Let uj t j be defined by (28). Then 

(a) : ui,j is a minimal partial isometry, that is 

v>i,j[ u i,j]* u i,J = u iJ and v>i,j[ui>,j>]*Ui,j = for all (I, J) ^ (/', J'). 

(b) : orthogonality: Ui t j _L up t j/ if I ^ I' and J ^ J' . 

(c) : colinearity: ui^jTuji ,ji if either I — I' or J — J' {but not both). 

(d) : associative orthogonality: 

ui,j[ur t j,]* =0ifl^l'; and [«/,j]*u//,j/ = if J ? J'. 

(e) : "weak" quadrangle property: Uj j[ui t ji]*Uj' t j> — ±Ui' t j 
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Proof. Throughout this proof, we use the fact that all elements of the grid 
{iti, . . . , u n } are present in each uij. To avoid cumbersome notation we will also 
often denote an element u c , where c G (J U J) c , by dj, and similarly for u<±. For 
example, in ( p9| ) below, djj, denotes u* dl where d\y S In J', and cL denotes u c i., 

where cL S (/ U J) c . 



Proof of (e): By dchnition, 



(29) 



/ * \ r+1 jr jl 1 / *\ 

(tt ujjz-jc^ d iy - ■ ■d lJ ,c iy (uu )/_./ 

This quantity remains unchanged if the factors 

and (uu*)i_j,(uu*) r _j, 

are removed. Indeed, since J — I <Z (I c n J' c ) U (I c n J' (disjoint union), by using 
Lemma (u*u)j~i can be absorbed into the cy's or into (itit*)j/_j. Similarly, 
(uu*)/'_j' can be absorbed into the c^/'s or into After this has been 

done, can be absorbed into the dyji's or into (u*u)ji-p , and 

can be absorbed into the dj,-'s or into (uu*)j_j, 
Thus 



(30) ( U «*)j .,<■],,!]•■ 



,9+1 r+1 

We claim next that in fact 



■d};£-,c\.,d\;-- 



Ul,j[Ul,J'\ Ul',J' = 

(31) (uu^r-jcljdjj ■ ■ ■ (!'!,<■!' 1 < ] <<: r • ■ • d^c^c^d-,^ • ' • d-zyC^j/^^j-j 



To get from (|30|) to ( J3 1| ) we proceed as follows. Consider first an element x S 
/' — J. Either x £ I or x ^ I. In the latter case, x G (/U J) c so that w x is one of the 



and so u x u* can be split off from u x = u x u*u x and absorbed (using Lemma 5.4) 



into the (uu*)i—j term. In the former case, no absorption is necessary. Doing this 
for every such x allows us to replace the term (uu*)i—j in (30) by (uu*)iiur)-J- 
We now have 



Ul t j[Ul,J'\ Ul',J> 

(32) (ww*)(iw')- 



■■d q -c 



,9+1 r+1 ir jl U J- r jl . . W s r s+1 r, r, 

C ii> a ii' a ij' c ij' c i'j' a i'j' a i'f c i>j> ( u U) J' -I'- 



ll 



Now consider an element x e I — J. Either x G J' or x J' . In the first case, 
x S In J' so that u x is one of the c%/ and therefore any such u x u* x can be absorbed 
from the term (tttt*)(/u//)_j into a dy/. On the other hand, if x ^ J', then either 
x € in which case no absorption is necessary, or x £ I' so that x € (/' U J') c and 
ita; is one of the Cj/j/ and hence can be absorbed. Doing this for every such x 
allows us to replace the term (ww*)(/u/')-- 7 ^ n (H) ^ ( uu *)i'-J- 

By an entirely similar two-step argument, we may replace (u*u)ji-zi in ( |30| ) by 
(u*u)j-i>, which proves (|3l|). 
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To complete the proof of (e), we need to show that the right side of ( |3l| ) has the 
form 

±(uu*) It . J 4 j 4 j ■ ■ ■ 4^,+ v«)j-/'- 

To do this we must examine each of the elements Cy-, dy, a>j> in (|3l]) (call them 
"outer" elements as they are not "starred") and dij , Cif , dy f (call them "inner" 
elements, as they are "starred") and decide whether to leave the element there or 
absorb it into one of the end terms (u*u)j-i> or (uu*)i'-j. This is achieved in the 
following lemma. 

Lemma 6.4. Retain the above notation. 

(a) : Each "outer" element Cij,dij> ,Ci>j' on the right side of (|3l|) is either equal 
to a Ci>j or is equal to a unique other element on the right side of (|3l|) ; together 
with which it can be absorbed into one of the terms (u*u)j-i> or (uu*)i>-j. 
Conversely, every c^j is equal to one of these "outer" elements. 

(b) : Similarly, each "inner" element dij , cy/ , d^ y is either equal to a dyj or is 
equal to a unique other element, together with which it can be absorbed into 
one of the terms (u*u)j_/' or (uji*)/<_j. Conversely, every dyj is equal to 
one of these "inner" elements. 



Proof of Lemma 6.4. For three mutually colinear partial isometries u,v,w, 
the term "flipping" in this proof refers to the fact that uv*w — —wv*u. 

Let dj G (I U J) c . Either Cij G I or Cij j£ I . In trie first ca.se cij is a ^i'j 

and 

no absorption is necessary. In the second case, either cy G J' or cy G" J'. If the 
former, cy G I' PI J' so that Cy is equal to a d^ y with which it can be paired by 
"flipping" and c%jC*j can be absorbed into (uu*)i'~j by Lemma 5.4. In the latter, 



G (IU J') c so that Cij is equal to a cy with which it can be paired and absorbed 



as above by repeated use of Lemma 5.4 



Let dij> £ If! J'. Either c?y i 7 or d^ £ In the second case € I' so 
that diji G I' H J' and is equal to a dj/j/ so can be flipped and absorbed. In the 
first case, either dy ^ «/, in which case it is a cy and no absorption is necessary, 
or dij' G J so that dy is equal to a dy and can be flipped and absorbed into 
{u*u)j-i>. 

The proof for the third type of "inner" element, as well as the proofs for the 
"outer" elements are similar. 

For the converse statement in (a), note that oyj G I' c n J c C (I c n J c ) U (7 fl 

J') u {i' c n J' c ) and d V j g V n J c (/ n J) u (/ c n J ,c ) u (/' n J'). □ 



With Lemma 6.4, the proof of (e) is completed. 
Proof of (d): If we let w denote then 
w = [(uu^i-jcljdlj ■ ■ ■ d y c^+ 1 (u*u) J _ / ] [(u*u)j^ v c r v fd r i ,j l ■ ■ ■ d}, j ,Ci, j ,(u*u)j>- J >]. 

Since I j£ I', there are two possibilities: either there exists io G I — I' or there 
exists i' G I' — I. We shall deal with the first case only as the other is similar. 

So assume first that io G I — I' and consider the two cases: io £ J and io G" J. 
In the first case Ui is one of the dij and hence either Ui is also a Ci'ji in which 
case w = by "flipping" and minimality; or io € J' — I' in which case w = by 
"hopping" and minimality. 
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Now consider the case that iq $ J. In this case ij 6 / - J and hence either 
io G J', in which case io G J' — I' and w — by "hopping" and minimality; or 
ia G" J' , in which case ui is a Ci'f and to = again by "hopping" and minimality. 

This proves the first statement in (d). The proof of the second statement is 
achieved in a similar way. 

The reader will note that "maximality" (meaning for instance that (u*u)j = 
if | J | > i£) was not used in the above proof of (d). It's main use is in the proof of 
the important decomposition ( |3~i| ) below. 

It being clear that (a) and (b) follow immediately from (d), it remains to prove 
(c). 

Proof of (c): In view of the strong orthogonality already proved, it will suffice 
to prove that ui t j[uij]*uji^j = ui^j for / =/= I'. We have 



ui,j[ u i,j]* u i',J = [( uu *)i-J c h d lj ■ ■ ■ d ij c tj' 1 ( u * u )j- 



(33) x [c°f 1 dl j ---dl j c\ j {uu*)^j] 

x [(tm>_ jc^dk • • • d^^^u)^]. 

The term (u*u)j_/ in ( |33|) can be absorbed into the di'j's or into (u*u)j—p by 
Lemma 0. Then in turn, the products c^ +1 (c^ +1 )*, d^(d^)* , . . . , Cy(cy)* can 
be alternatingly absorbed into the combination of (uu*)ii—j and the Cj'j's, or the 
combination of {u*u)j-ii and the di'^s. 

Finally both of the occurences of the term {uu*)i-j can also be absorbed into 
either (v,u*)p—j or a Cj/j, and what remains is This completes the proof of 



Proposition 6.3. □ 

Definition 6.5. In the special case of ( p8| ) where I PI J = 0, we have s = and 
ui.j has the form 

u It j = (uu*)/u c (u*m)j, 

where since (r + II = n + 1, I U J U {c} = {1, . . . , n}. We call such an element a 
"one", and denote it by m/, c ,j- 

Lemma 6.6. For any c G {1, . . . , n}, 

(34) u c = ^2 u hJ = ^2 u Lc,J 

i, J i, J 

where the sum is taken over all disjoint I, J satisfying ( ^7| ) and not containing c. 

Proof. For convenience, let us say that for colinear partial isometries u and v, 
the formula u — uv*v + vv*u is the result of "applying v to it". Given c, write 
{1, . . . , n} = {c, C2, . • • , c„}. The equation ( ^4| ) is obtained by first applying u C2 to 
u c , then applying u C3 to all occurrences of u c , and in turn applying it C4 , . . . , u Cn to 
all occurences of u c that are created in the previous step. 

We thereby obtain 

u c = }Xuu*)iu c (u*u)j 
where the sum is over all disjoint subsets I, J of {1, . . . , n} — {c} with 

(35) ZU JU{c} = {l,... ,n}. 

A term in this sum is zero unless |/| < %r — 1 and \ J\ < %l — 1. By ( |35| ) and the 
fact that ifl + il = « + 1, 1/1 = in — 1 and I J| = i^ — 1 so (p3) follows. □ 
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Note that a change in the order of the u c 's or u d s in (|2§|) can at most change the 
sign, since any such change can be accomplished by "flipping." In the next lemma, 
we consider elements defined by the right side of (^) but without specifying an 
ordering of the c's and g?'s. This lemma will enable us to define the signature e(7, J) 
of Ui t j and prove the important Proposition |6.ld| . 

Lemma 6.7. Given I, J with \I\ = i# — 1, | J| = i^ — 1, let C = (I U J) c and 
D = I n J. For any permutations (ci, . . . , c s +i) o/ C and (d±, . . . , c? s ) o/ D, the 
element 

{uu*)i-ju Cl u* dl u C2 u* d2 ■ ■ ■ u Cs u* d3 U Cs+1 (u*u)j-i 
(which equals ±uij) decomposes uniquely as a product of "ones": 
(36) 

[ u h,c 1 ,J 1 ][uK 1 ,d 1 ,L 1 ]*[ui 2 .c 2 ,J 2 \[uK2,d2,L 2 ]* ' " " [ u I s ,c s , Js\ [v>K s ,d a ,L,]*[ u Is+i,c, + i, J s +i\i 

where the Ii, Jj, K^, Li are uniquely determined by I, J and the c's and d's. 

Proof. Let us first prove the existence. Each of the steps in the following equa- 
tion array is achieved by "expanding" (for example, u C2 = u C2 u* 2 u C2 ) and/or "hop- 
ping" : 

(uu*)i-jU cl u* dl U C2 u d2 ■ ■■u Cs u d u Cs+1 (u*u)j- I 

= (wm*) (/ _j )u(c ._ Ci) -u c1 [u* dl u C2 u* d2 ■ ■ ■ u c u d u CB+l ](u*u) { j_ I)yj ( C _ Cs+l) 
= (uu*)(i-j)u(c-c 1 )Uc 1 (u*u)j- I [u dl u C2 u d2 ■ ■ ■ u Cs u d3 U Cs+1 }(u*u) (J ^ I)u(c ^ Cs+l) 
= {uu*)^_j) U ^c- Cl )U cl (u*u){j-i) UD [u dx u c ^u d2 ■ • •u C3 zi2 s u C3+1 ](u*-u)(j_ /)u(c _ Cs+l) 
= (mw*)(/-./)u(c-c 1 )Uc 1 (w*u)(j-/)ui? 

x [u* dl u C2 u* d2 ■ ■ ■ u CB u dg {uu*) {I ^j ) yj D u CB+l ](u*u) { j_ I)V j( C _ Cs+l) 

= [( uu *)(I-J)U(C-c 1 )U Cl ("* u)(,/-/)ud] 

X [( u * u )(J-I)U{c 1 }Ud 1 u c 2 U d2 ■ ■ ■U Cs U d3 {uU*) {I _j )u{Cs + l} ] 
x [{uu*) {I _ J)uD u Cs+1 (u*m)(J-/)u(C-c 3+1 )] 

This shows that (uu*)i-ju Cl u* di u C2 u* d2 ■ ■ ■ u Cs u ds u Cs+1 (u* u) j _/ equals 

[u(/-j)u(C-c 1 ), Cl ,(j-/)un][u(/-./)u{c s+1 },(./-7)u{c 1 }]*[u(/-./)ur>,c s+1 ,(j-/)u(c-c ii+1 )], 
which is of the form uj ltClt j 1 [ui 2 ,j 2 ]*ui 3tCs+1 j 3 , so the existence follows by induction. 

We now prove the u niqu eness. Look at the first three factors of (|36|). Since 
ujj ^ 0, by Proposition |6.3| (d), we must have I\ = K\ and L\ = J 2 . Furthermore, 
since I\ U {ci} U J\ = K\ U {d\} U L\, we have J 2 = (J\ U {ci}) — {d{\. Continuing, 
we see that all the sets Ii, Jj, Kk, Li are uniquely determined by J± and the c's and 
d's. A close look at ( |36| ) and using Proposition |6.3| (d) and (e) reveals that 

uij = ±u hJl [ui iJs+1 ]*ui s+1 j b+1 

which equals ±ui s+1 j 1 by Proposition |6.3| (e), so u/j[m/ 3+1 jJ* 7^ 0. Then by Propo- 
sition |6^ (d) again, / = I s +i and similarly J = Ji, completing the proof of unique- 
ness. □ 

Definition 6.8. We assign a signature to each "one" as follows: Let the elements 
of I be i\ < 12 < ■ ■ ■ < i P (where p = in — 1) and the elements of J be ji < ]2 < 
■ ■ ■ < j q (where q = ii, — 1). Then e(J, k, J) is defined to be the signature of the 
permutation taking the n-tuple (i\, . . . ,i p ,k,ji, . . . ,j q ) onto (1,2, . . . ,n). 
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The signature e(I, J) of ui j is defined to be the product of the signatures of the 
factors in its decomposition (|36|) (Recall that ujj is defined so that the c 's and d 's 
are in increasing order). 

The next lemma will consider a 3-tuple (ui^ji ,Ut,j,'Ui',j), with I =/= I' and 
J =^ J', so that by Proposition |6.3| , uj t ji _L Up t j, ttr^'Tuy and Ui t jTui' t j. 

Let us further assume that each element of this 3-tuple is a "one" . Then it is 
clear that I' = (I — {a}) U {6} and J' = (J — {c}) U {b} for suitable elements 
a € I, c E J and b € (/ U J) c . Hence the 3-tuple has the form 

(37) (ui, c ,(J-c)U{b} j u I,b,J , U(I-a)U{b},a,j)- 

By direct calculation and simplification 

uij'[ u u]* u rJ = (uu*)iu c (u*u)ju* b (uw*)/u a [u*u)j. 
Since a ^ J, b $ J and / n J = 0, Lemma |5.4| shows that 

Uu>[v,ij]*Ui>j = (ra*)/u c iij (m*);ii (u*u)j. 
Similarly, since b £ I,c $ I, we can remove the term (mm*)/ to obtain 

(38) uij/[ujj]*upj = {uu*) I u c u* b u a (u*u). J , 

which equals iit/'jv. 

Thus, from ([38]) and the uniqueness in Lemma |6.7| , every such 3-tuple (|37]) of 
"ones" uniquely determines a corresponding 3-tuple of "ones" (uj//j/,uj//j//,ti//j//), 
such that 

(39) u/z/j/ [upiji>]* ui'j" = ±urj> = [v,u*)i u a u* b u c (u*u)j, 

where I" = (I U {c}) - {a} and J" = ( J U {a}) - {c}. The given 3-tuple and the 
derived one thus have the forms 

(40) {ui,c,(J~c)U{b} j U /,M > u (I-a)u{b},a,j) 

and 

(41) (w(/u{c})-a,a,(J-c)U{6} , M (/U{c})-a,fc,(./-e)U{a} i «(/-a)U{6},c, ( J-c)U{a} ) ■ 

Lemma 6.9. Retain the above notation. 

(a) : Uu>[uu]*upj = 

(b) : e(IJ')e(IJ)e{I'J) = —e(I" J') e(I" J" )e(I'J"). 

(c) : For every 3-tuple j37| ) o/ ones, 

[ e (IJO«jj#(IJ)ttzj]W'^«iv] = 
Proof. 

(a) follows from @ and (§|). 

(b) We shall use the more precise notation of ( ]40| ) and (pi]). Write 

u I,b,J — ( uu ){ii,i 2 ,... ,i„,iu+i,... ,it,... .i^-il^b ( w u ){ii J2,--- ,js ,— ,i« Ji^ -1} i 

where i u < c < it = a, j s = c and j v < a < j v +i- 

We can calculate e(I,b, J)e(I" ,b, J") by counting the number of transpositions 
required in "moving" a from / to J" and c from J to J". These are 

(42) ( ifl _i)_t + i + ( w + i) 

and 

(43) (s - 1) + 1 + (i* - 1) - u 
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respectively. 

We can calculate e(I', a, J)e(I', c, J") by counting the number of transpositions 
required in "moving" a from the "middle" to J" and c from J to the "middle" . 
Taken together this is 

(44) i> + (s-l). 

We can calculate e(I, c, J')e(I", a, J") by counting the number of transpositions 
required in "moving" c from the "middle" to I" and a from / to the "middle" . 
Taken together this is 

(45) (i R -l)-u+(i R -l-t). 



The sum of (|42|)-(|45|) is 2(s + v — U — t) — 1 which is odd, so exactly one or three 
of the numbers 

e {I> b,J)e(I",b,J") , e(I',a,J)e(I',c,J") , e(7, c, J')e(I",a, J") 

equals — 1. In cither case, (b) follows. 

(c) follows from (a) and (b). □ 

Proposition 6.10. The family {e(IJ)ui^j} forms a rectangular grid which satisfies 

(46) e(IJ)u/j[e(IJ>jj/]*e(J / J')«/'J' = e{I'J)u r j. 

Proof. Since Upji [tt/j']* = for I ^ I', the propert y (|l| ) will follow from (ff6"l). 
The other grid properties are contained in Proposition |6.3| . 

To prove (|4^), we apply Lemma 3.7 to decompose its left and right sides into 
"ones." To avoid cumbersome notation let us denote any "one" with u c in the 
"middle" simply by (c) and its signature by e, with an identifying subscript. With 
this convention, we have, for suitable Xj,yk, Zi,Wi € {1, . . . , n} and e pq = ±1, 

e(IJ)uij[e(IJ')uu>]*e(l'J')ui>j> = (enXi)(ei2X 2 ) ■ ■ ■ (ei, 2 r+i^2r+i) 

(47) x [(e 2 ij/i)(e22j/2) •• ■ (ea.as+i^a+i)]* 

X (£31^l)(e32^2) ' ' ' (£3,2t+lZ2t+l), 

and 

(48) e(I'J)ui'j = {euwi) (e 4 2W 2 ) ■ ■ ■ (e4,2n+i^2n+i)- 
Recall that from Proposition |6 . 3| (e) , we have 

e(IJ)uij[e(IJ')uij,]*e(I , J , )urj> = ±u rj . 



Now each Wi is either an Xj,y^ or zi by the proof of Lemma 6.4, and by that 
same Lemma, the Xj,yf.,zi which are not used, call them V\,... ,v m , occur twice 
with an even number of elements between them. Also, by Lemma |6.9| (c) we may 
rearrange terms so that the right side of fl47| ) becomes 

[(e51«l)(e5l1>l) ' ' ' (e5m"m)(£5m%)] [(e61 ™1 Y (^62 W 2 )' ■ ■ ■ (e6,2n+l W 2n +1 )'} , 

where the notation (ew)' indicates that the I and J in (w) may have changed. 
Since (Vj)(Vj)*(wi) = (wi) by colinearity, this collapses to 

(49) (efuwi)' (e 62 w 2 )' ■ ■ ■ (e 6t2n+ iw 2n+ i)' 



Since ( |48| ) and ( J49| ) are each equal to ±upj, by the uniqueness in Lemma 6.7, 
(e 6 iWi)' = (eaWi), which proves @). □ 
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7. CARTAN FACTORS OF RANK 1 



Proof of Proposition |2.6| in the finite dimensional rank 1 case. It fol- 
lows from Propositions 6.3 and 6.10 that the map e(IJ)ujj — > Eji is a ternary 



isomorphism onto (™) by complex matrices. By Remark p.2\ and (p4|), Y 



is completely isometric to a subtriple H^ R of a Cartan factor of type 1. In view of 



Lemma p.9| this completes the proof of Proposition |2.6| in the case that Y is of type 
1 and rank 1 and finite dimensional. 

Note that the numbers n and k determine a simple algorithm for constructing 
the unique matricial space ff„ (see the paragraph preceding Examples 1 and 2 
below). The spaces are examples of the rank 1 JW*-triples whose existence 
was assumed in section 6, as the following lemma shows. 

Lemma 7.1. The spaces are rank 1 Hilbertian JC*-triples with ir = k and 
i r + i l = n + 1 • 

Proof. We will denote the generator J^i j e (U)Ej !C ,i of the space H% by u c . 
Note that the sum is orthogonal by Proposition 6.3, so the u c are partial isome- 
tries. It is essential to notice that, for each Ej tC j, there are exactly k (resp. 
n — k + 1) elements Ej' >c 'j/ such that Eji iC tj'[Ej' jC iji]*Ej tCj i = Ej >c j (resp. 
Ej,c,i[ E J',c,i>]* E J',c,i' = Ej,c,i), namely, those Ej^ d j, with ( J' - {c}) U {c'} = ,/ 
(resp. (/' - {c}) U {c'} = I). In all other cases [Ej^ c >j>]*Ej^ c j = (resp. 
Ej,c,i[Ej', C ',r]* = 0). With this in mind, using Proposition 6.3, it is a straightfor- 
ward verification to show that {u a u a Ub} — (l/2)ub, and {u a Ub u a } = 0. Lemma 
6.9 (a) and the comments preceeding it together with Proposition 6.3 shows easily 
that {u a Ub Uc] — 0. Hence, the are rank 1 JC*-triples and are thus Hilbertian 
as discussed at the start of section 5.3. 

To see that k = in, consider the expression 

(50) u r u* ■ ■ ■ U2U2U1. 

If r > k, then, by the remarks above, for each term e(IJ)Ej^j in the expansion of 
Uu there must exist a number i, 2 < i < r such that UiU*e(IJ)Ejij = 0. Hence, 
( jsol ) is zero. Now assume r = k. Suppose I = {2, • • • , r} and J = {r + 1, • • • , n}. 
Again by the above remarks, for each 2 < i < r, there exists an element Eji^ji in 
the expansion of Ui such that Ej/^ i\Eji ,i,v]* Ej^j = ensuring at least one 

nonzero term in the expansion of ( |50| ) . Since all possible nonzero terms of ( |50|) are 
e(IJ)Ej,ij and those are independent, (]5(]) is not zero. It follows that ir = k. A 
similar argument shows that ii, = n — k + 1. □ 

The following lemma implies the statement in Theorem 1 that the ff„ are 1- 
mixed injectives. 

Lemma 7.2. For each matrix x = ^a;U; in H!^, 

m(^) i/2 )=(^: 1 1 ) 1/2 (ei^i 2 ) i/2 - 

Proof. We first show that xx* can have at most one nonzero eigenvalue. Indeed, 
if xx* has at least two distinct nonzero eigenvalues, then we may write xx* = 
f(xx*) + g(xx*) for two nonzero disjointly supported even continuous functions 
/ and g which vanish at zero. Hence, xx*x — f(xx*)x + g{xx*)x is a non-trivial 
orthogonal decomposition of the element xx*x in the rank one JC*-triple iT„, which 
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is impossible by definition of rank. Hence the eigenvalues of xx* are ||a;|| 2 = X |aj| 2 
and possibly zero. 

However, since each Ui is the sum of exactly (tZi) orthogonal matrix units 
mutiplied by ±1, we have that tr(xx*) = (tZi) X l a «| 2 ■ Thus the multiplicity of 
the eigenvalue £ H 2 is (JJ-J) and tr{{xx*) l l 2 ) = (£Zi) V2 (E M 2 ) 1/2 - □ 

1 /2 

Corollary 7.3. TTie linear map P defined by Px = ^tr(xu* / (?~Zi) ) M i * s a 
contractive projection from &?/ („Z^ +1 ) complex matrices onto Hl^. 



Proof. Let m denote the multiplicity Using Lemma 7.2 and the fact that 

the Hi are Hilbertian, we see that 



|F.t|| 2 = Y J \ tr ( xu il ml,2 )\ 2 =Hx{Px)*)/m 1 / 2 
< \\x\\tr[{Px){Px)*] 1/2 /m 1/2 
= WxWiY.Mxul/m 1 '^) 1 ' 2 = \\x\\\\Px\\ □ 



We now prove Proposition 2.6 in the case that Y is of type 1 and rank 1 and 



arbitrary dimension. The key to the proof is the following lemma. 

Lemma 7.4. Suppose Y is a JW* -triple of type 1 and rank 1 with grid {u\ : A G 
A}. Then either (uu*)j ^ for all finite subsets I C A, or (u*u)j ^ for all finite 
subsets J C A. 

Proof. If (u*u)i — for some finite subset I — . . . ,i n +i} we may assume 
that (u*'u) {il) ..., in} ^ 0. Then as in |2|), 

,;„} = ( u *w){ii,...,i„-l}<„(" u *){ l „,i„ + l,... ,m} u in 



for all m > i n . Hence (uu*)^ in iri+ i m \ ^ for all m > i n . Then by Lemma 5 



(uu*)j 7^ for all finite subsets J C A. □ 



Proof of Proposition 2.6 in the rank 1 type 1 case. We may assume 



dim(y) = oo. For dcfinitcness, we assume that (uu*)i ^ for all finite subsets 



JcA. The other case in Lemma 7.4 is proved similarly. Let E\ denote 1 ® tpx in 
B(H,<C), where dimH = |A| and is an o.n. basis for H. By Proposition |5.10 



for all finite subsets I C A, the map 4>{u\) = E\ is a complete semi-isometry from 
Yj := sp {u\ : A G 1} to sp{E\ : A G /}. As a reflexive space, Y is the norm-closure 
of the union of all the Yj as / varies over all finite subsets of A, so it follows that 
Y is completely semi-isometric to B(H,C). □ 

The proofs of Theorems [j], || and ||(a) being complete, we now finish the proof 
of Theorem give some examples of the spaces H% , and pose some questions. 

Proof of Theorem ^ for the rank 1 case. Let Y be an n-dimensional 
JW*-triple of rank 1. It follows from Lemma |5.9| and Proposition |3.1C that Y 



Diag (pY, (1 — p)Y) where pY and (1 — p)Y are triple isomorphic to Y, and pY 
is completely isometric to some . One now observes that the number in for 
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(1 — p)Y is strictly less than the ir for Y. Indeed, with Wi = (1 — p)Ui, we have 

(w'lpA...,!,} = (1 -p)vaul{l - p) ■ ■ ■ (1 - p)u iR u* iR (l - p) 

= (l-p)(uu*){i j2) ...,i R } 

= I" 53 I ( uu *){l,2,...,i R } 

\ \J\=iR j 

= K){i,2,... ,i B > - K){i,2,... ,i R > = 0- 



Now set Y\ — Y, pi — p, and ki = Ir. Then setting Y% := (1 — an d 
letting fc2 denote its then &2 < ki. Continuing in this way we see that Y — 
Diag (piY\,p2Y2, . . . ,p m Y m )i where each PjYj is completely isometric to the space 
Hn 3 ■ An application of Lemma 2.4 completes the proof of Theorem ||(b). □ 



Note that the spaces Diag (H^ 1 , Hl\ m ) are examples of Hilbertian rank 1 triples 
with ir + il > n + 1, since ir = k±, = n — k m + 1 and ki > ... > k m . Note also 
that the spaces H^ R can be explicitly constructed. Simply index columns (resp. 
rows) by combinations I (resp. J) of {1, ••■ ,n} of length Ir — 1 (resp. il — 1)- 
Then define an orthonormal basis {Ui} for H^ R by the requirement that Ui equals 
the sum of all elements eijEj j where I n J = and (7 U J) c = i . Then choose 
signs ej t j by the procedure detailed above. We now give some examples. 

Example 1. Suppose th at Y = sp c {ui,U2,U3} and ir = il = 2. The rectangular 
grid given by Proposition 6.10 is depicted by the following array: 





{1} 


I 

{2} 


{3} 


{1} 






— U3U3U2M1M1 


J {2} 


—UIUIU3U2U2 


— U1U2U3 


U3U3U1W2M2 


{3} 


UIUIU2U3U3 


—U2U2U1U3U3 


M1U3M2 



By ( p4[ ) the ternary isomorphism from the span of this rectangular grid to the 
canonical grid in B(C 3 ), when restricted to Y, satisfies 




1 
0-10 



u 2 



0-1 



1 



u 3 



1 
-10 




Thus fff is the subtriple of B(C 3 ) consisting of all matrices of the form 






a 


-b 


a 





c 


b 


— c 






and hence in this case Y is actually completely semi-isometric to the Cartan factor 
A(C 3 ) of 3 by 3 anti-symmetric complex matrices. 
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Example 2. Suppose that Y — sp c {ui, 112, 1*3, U4} and ir — 3,«l = 2. The 
rectangular grid given by Proposition 6. 10| is depicted by the following array: 





{1,2} 


{1,3} 


/ 

{1,4} 


{2,3} 


{2,4} 


{3,4} 


{1} 


22314 


-33214 


44213 


-2233411 


2244311 


-3344211 


J {2} 


11324 


1133422 


-1144322 


33124 


-44123 


3344122 


{3} 


-1122433 


-11234 


1144233 


22134 


-2244133 


44132 


{4} 


1122344 


-1133244 


11243 


2233144 


-22143 


33142 



Here we have used the abbreviation 22314 for 1*2^2^3^*114 and so forth. 
By ( j34|) the ternary isomorphism from the span of this rectangular grid to the 
canonical grid in £?(C 6 ,C 4 ), when restricted to Y, satisfies 



Ml 



and 



U3 



















" 




" 


















1 " 




















1 











































-1 















1 























1 

















-1 
































1 


" 

















-1 





" 










-1 




















1 








































-1 



















1 












































so that Y is completely semi-isometric to iff, which is the subtriple of i?(C 6 ,C 4 ) 
consisting of all matrices of the form 












-d 


c 


-b 





d 


— c 








a 


-d 





b 





—a 





c 


-6 





a 









We now show that if | is not completely semi-isometric to R3 , as suggested to us 
by N. Ozawa. It is clear that similar arguments can be used to prove Theorem ^(d). 
Since R3 is a homogeneous operator space, if there were a complete semi-isometry 
of iif onto i?3, then every isometry from iJ| onto i?3 would be a complete semi- 
isometry. In the notation of Example 1, let U 
defined by 



HI 



i?3 C Ms(C) be the isometry 




1 

-1 






1 






" 





-1 " 




" 


1 


" 





















1 — !■ 





















1 






















1 


" 




" 1 





" 










-1 








1 — > 
















































Then U is not a complete contraction, since 

-1 000 -1 00 

1 1 
0010 00 -1 



v/2 
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:S!> 



and 



1 1 1 
000000000 
000000000 



V3 



Problem 1. What is the completely bounded Banach-Mazur distance d c b(H^, R n ) ? 

Problem 2. What can one say about an arbitrary 1-mixed injective operator space? 
What can one say about an arbitrary JW* -triple up to complete isometry? 

Remark 7.5. The authors hope to classify all 1-mixed injectives possessing a pre- 
dual in a future publication by using the known structure theory of J BW* -triples 
in H and 



Remark 7.6. After completing this paper, the authors discovered that the spaces 
Hn appear, in a slightly different form, in in their solution to the contractive 
projection problem on the compact operators on a separable Hilbert space. Their 
methods and proofs are different from ours. In the special case that the projection 
is weak*-weak* continuous and H is separable, Theorem 2 can be derived from their 
results. 
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